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Abstract 

(^ I We consider holography for Lifshitz spacetimes with dynamical 

^ ' exponent z = 1+e^, where e is small. We show that the holographically 

dual field theory is a specific deformation of the relativistic CFT, 
corresponding to the z = 1 theory. Treating e as a small expansion 
*Zl I parameter we set up the holographic dictionary for Einstein-Proca 

C^^ ' models up to order e^ in three and four bulk dimensions. We explain 

1.^^ ' how renormalization turns the relativistic conformal invariance into 

T-»^ I non-relativistic Lifshitz invariance with dynamical exponent z = 1+e^. 

^^ ' We compute the two-point function of the conserved spin two current 

for the dual two-dimensional field theory and verify that it is Lifshitz 
invariant. Using only QFT arguments, we show that a particular class 
K> ' of deformations of CFTs generically leads to Lifshitz scaling invariance 

H ' and we construct examples of such deformations. 
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1 Introduction and summary of results 

There has been considerable interest in recent years in using gauge/gravity 
duahty as a tool for modelling strongly coupled physics, in particular with a 
view to possible applications to condensed matter physics (see [H El El IH E] 
for reviews). Several interesting condensed matter systems exhibit strongly 
interacting non-relativistic scale invariant fixed points and one may hope to 
use gauge/gravity duality to study them. With such applications in mind, 
gravity solutions with Schrodinger [HI [7| and Lifshitz [S], [H] isometries were 
constructed and studied. 

A key idea in holographic approaches is that the gravity models may 
allow us to uncover new universality classes, not easily accessible with per- 
turbation theory, which may be of relevance to condensed matter physics. 
One should note however that there is very little a priori evidence that the 
holographic models actually describe physics appropriate for the condensed 
matter systems under question. The predominant approach has been to pro- 
ceed phenomenologically and probe the relevance of these models by com- 
puting observables holographically and comparing to experimental results. 
The goal in this paper is rather to understand better the dual theory from 
first principles. 

When the gravity solution contains a parameter which can be adjusted 
such that the solution becomes a deformation of AdS one may use the stan- 
dard AdS/CFT correspondence in order to understand the nature of the dual 
field theory. This approach was exploited in [TU] (see also [TJ [HI [T21 [131 [H]) 
where it was shown that the theory dual to Schrodinger geometries is a 
deformation of a relativistic CFT by specific operators which, although ir- 
relevant from the perspective of the original relativistic CFT, are exactly 
marginal from the perspective of the non-relativistic Schrodinger symmetry. 
Apart from elucidating the holographic duality for the Schrodinger geome- 
tries, the analysis in [TU] also indicated that a new general class of theories 
with Schrodinger symmetry can be obtained from deformations of relativis- 
tic conformal theories, see [Uj for a recent application of these ideas. These 
deformations do not have to be realized holographically and indeed these 
results are interesting for field theory in its own right. In this paper we will 
present an analogous set of results for Lifshitz geometries. 

There are three different ways to adjust the dynamical exponent such 
that the theory becomes a deformation of AdS. Firstly, one can consider the 
case in which z approaches infinity, when the geometry about which one is 



deforming becomes AdS2 x W^'^. This limit is however not very useful for 
our purposes because the holographic dictionary for the limiting spacetime 
is not fully understood (due to the non-compact R^'^ directions and the 
well-known subtleties associated with 74^5*2 holography). The second case 
is that of z = 2 Lifshitz which can be obtained by a reduction from z = 
Schro dinger in one dimension higher [151 [H], [T7] . These higher dimensional 
solutions are asymptotically AdS and therefore holography for z = 2 Lifshitz 
can be derived by dimensional reduction, following [TS1|T^. This procedure 
for obtaining the holographic dictionary was followed in [201 EI], reducing 
the results obtained in [22] • This system has the additional advantage that 
it can be embedded in supergravity [231 [211 [251 [2B] . However, the reduction 
circle becomes null at infinity which implies the dual theory should be related 
to the Discretized Light Cone Quantization (DLCQ) of the deformed CFT 
corresponding to the z = Schrodinger solution, and thus this approach 
suffers from the well-known subtleties associated with DLCQ. 

The third way to view Lifshitz geometries as being close to AdS is when 
the dynamical exponent z is near to one. This case is free of any subtleties 
and will be the topic of this paper. When the dynamical exponent takes such 
a value, one can extend the standard AdS/CFT correspondence in order to 
understand the dual theory. Focusing on the pure Lifshitz solutioiu of the 
system of a massive vector coupled to gravity [1] , we find that we can achieve 
z ~ 1 +e^, with e small, by tuning the mass of the vector field. Expanding in e 
first, the solution indeed becomes asymptotically AdS and its interpretation 
can then be extracted from its asymptotics. We find that the solution is 
dual to a QFT which is a deformation of a CFT by the time component of 
a vector primary operator J'^ of dimension d (recall that conserved vectors 
have dimension A = (rf — 1 ) ) , 

SLif = ScFT + ej d'^xjK (1) 

This is our first key observation. In the deformed theory the vector operator 
acquires an anomalous dimension at order e^ when d > 2 and at order e^ 
when d = 2. 

Note that the most commonly quoted examples of Lifshitz invariant the- 



^In this paper we will focus on exactly Lifshitz solutions but one could also explore 
Lifshitz solutions with running scalar couplings (hypcrscaling violation), which can for 
example be realized using a Einstein-Maxwell dilaton model [S]- 



ories are not of this form. For example, the scalar theory with action 

S = f dt(fx{^^ + (pi-d^ct)) (2) 



which is often used in the literature as an illustrative example (especially 
when z = 2) does not become of the form ([T]) when 2; ~ 1 + e^. This suggests 
that this field theory model is unlikely to share key features of the holographic 
model. 

A number of theoretical models with dynamical exponents close to one 
have appeared in the condensed matter literature. A sample of such mod- 
els include quantum spin systems with quenched disorder [2^, models for 
quantum Hall systems [2H1 EH], graphene [301 EI], spin liquids in the pres- 
ence of non-magnetic disorder [32] and quantum transitions to and from the 
superconducting state in high Tc superconductors [331 [311 ESj • 

It turns out that none of these models are governed by an action of the 
form ([T]) (although some can be viewed as a deformation of a (free) CFT, 
albeit a different type of deformation). One may then wonder whether the 
Lifshitz invariant theories of the form ([T]) arise only in holographic theories 
at strong coupling or not. In fact we show that the opposite is true: any de- 
formation of the type (l2Up leads to a Lifshitz invariant theory with dynamical 
exponent 2 ~ 1 + e^, to leading order in e. This is our second main result. 

Let us briefly explain this result: at the classical level the deformation 
in ([T]) breaks Lorentz invariance but the theory is still invariant under rela- 
tivistic scale transformations. Since e is small one may study the theory via 
conformal perturbation theory. The leading order correction arises at order 
e^ and can be computed using the OPE of the vector primary operator. This 
OPE contains the following universal terms 

where Jjj = 5ij — 2xjXj/x^, Aij^^ is some universal tensorial structure and 
Tij is the CFT stress energy tensor. This follows from the fact that Ji is a 
primary operator of dimension d (see section Elfor the detailed argument). 
The leading order term gives rise to power law divergences while the term 
with Tij leads to a logarithmic divergence. These divergences are exactly the 
same as the ones we find in holographically renormalizing the gravitational 
theory. Removing the divergences requires in particular renormalization of 
the source of Tij, i.e. the boundary metric. It turns out that the renormalized 



metric to this order is actually equal to the bulk metric at order e^ with the 
cut-off replaced by the radial coordinate! The renormalization leads to a beta 
function for the boundary metric and this modifies the trace Ward identity 
which now becomes, 

^{V)e^ + (r )e^ = (4) 

where i = {t, a}, a = 1, . . . ,d and ( )^2 denote the computation up to order 
e^. This is precisely the condition required for Lifshitz invariance! 

This construction provides a new, general class of Lifshitz invariant mod- 
els. The emergence of Lifshitz invariance is derived using conformal pertur- 
bation theory and relies on a universal part of the OPE of a primary operator 
of dimension d. The argument is thus valid for any CFT, weakly or strongly 
coupled. The dimension of J7i in the deformed theory however in general 
depends on the specific details of the CFT. In the holographic models the di- 
mension of J'i is not corrected at leading order, which implies that the 3-point 
function of J'i should be zero. Moreover, if the OPE contains other singular 
terms beyond the ones exhibited in ([3]), these induce relevant deformations 
of the critical point and the r.h.s. of (jlj) contains corresponding terms. 

The holographic model is based on a strongly coupled CFT, but weakly 
coupled models may also have interesting applications. It would be interest- 
ing to investigate whether such models could be of relevance for modelling 
real world systems (irrespectively of their holographic realization). As noted 
above systems with z close to one have already been studied with a view to 
applications that range from quantum Hall system to graphene to high Tc 
superconductivity, etc. We also note that at long distances Horava-Lifshitz 
gravity [5H] has a dynamical exponent that approaches z = 1. We further 
add that experimental evidence for critical behavior with dynamical expo- 
nent close to one has been reported in [371 [35| ^U\ for the transition from 
the insulator to superconductor in the underdoped region of certain high Tc 
superconductors and in |3D] for the superconductor to metal transition in the 
overdoped region. 

From the bulk side, top down embeddings of Lifshitz solutions with z > 1 
were found in [H] and were further explored in |12] and [13] . We will discuss 
in the conclusions the implications of our results for such top down solutions 
with z close to one. 

This paper is organized as follows. In the next section we present the 
gravitational solution with Lifshitz scaling and show that when z ~ 1+e^ this 
model is dual to a deformation of a CFT by a vector operator of dimension 



d. In section [3] we develop the holographic dictionary for our theory. In 
section H] the 2-point function of stress-energy tensor in 2d Lifshitz invariant 
theory is computed and in section [S] we present the QFT analysis for general 
dimension. We conclude in section O 

2 Lifshitz solutions 

Solutions with Lifshitz isometries were first presented in [S] . Here we will use 
the formulation in [H] in terms of gravity coupled to a massive vector. The 
action is given bjo 



IbTrGd+i J 



'R + d{d-l)--F'--M'A^ 



(5) 



where relative to [9] we have rescaled the fields and the coordinates as, 

^hcrc _ T2^there /there _ j a there M — J^t^ (f{\ 

^ ^iv '' ^^fj.u 1 ^fi ''^fi 1 -^heve ''"''there \^J 

where 



2 z^ + z{d-2) + {d-l 



^ d{d-l) ■ ^^^ 

(We have also absorbed an overall factor of P'^ in Newton's constant.) 

The action (^ admits an AdS solution with unit AdS radius. When the 
mass is equal to 

z^ + z{d-2) + {d-iy ^ ' 

the field equations also admit a solution with Lifshitz scaling symmetry given 
by 

ds^ = dr^-e^^'''Ut^ + e^'''Ux''dxa] (9) 

2{z-l) 



A = Ae''''Ut, A^ 



1 
z 



where a= I,--- ,((i— 1). The Lifshitz symmetry is realized by the following 
transformation, 

t -^ e'H, x" -^ e^x", r -^ r - A/. (10) 



^Curvature conventions: R^^^up'^ = duT^^p + T^pTl^^ - (/i ^ v), i?^^ = R^^u 



By the standard AdS/CFT dictionary the massive vector (at the AdS 
critical point) is dual to a vector primary operator Jj of dimension 

^ = lid+ ^{d - 2)2 + 4Af2) (11) 



d 
+ 



,d _,,„ zd{d-lf 



2^4 ' z'' + z{d-2) + {d-iy 

In other words, the action ^ governs the dynamics of a CFT whose spectrum 
contains a vector primary of dimension A. The same theory contains a 
Lifshitz critical point if ([H]), viewed as an equation for z, has real solutions 
with z > 1. In order ([S]) to have real solutions the mass has to satisfy, 

0<M'< ^^^, {d > 2). (12) 

The lower bound comes from unitarity: M^ > is equivalent to the unitarity 
bound for vector operators, A > (rf — 1) (the massless case corresponds to a 
conserved current with A = d — 1). When the bound holds, there are two 
possible solutions, 

^± = 1 - ^ + ^^J^ ± ^ ^^(M^ + {d- lf){d{d - 1)2 - (3d - 4)M2) 

(13) 
When M2 ~ 0, 2; either goes to infinity or to zero, while when M'^ ~ d{d — 
l)^/(3(i — 4), it approaches {d — 1). 

It remains to impose the condition z > 1. One can easily show that 
the 2+ > 1, while z_ starts from at M"^ = and monotonically grows to 
z_ = {d — 1) as M^ — )■ d{d — l)^/(3rf — 4). It follows that it is greater than 
one only in the range 



(rf _ 1)2(8 _ 3d + 4V3rf2- 6^ + 4) ^ ^2 < d{d-lf 

13d- 16 - 3ci-4 ' ^ ' 

where z_ = 1 at the lower limit and z_ = {d — 1) at the upper limit. We 
summarize the bounds in Table 1 for up to d = 4. 

It follows from this analysis that a necessary condition for obtaining a 
top-down model admitting a Lifshitz realization of the type discussed here 
is that the spectrum of the compactification contains massive vectors with 
mass in the range 012p . If in addition the mass is within (I14p then there 





z+>l 


z_ > 1 


d = 2 


< M2 < 1 


M2 = l 


d = 3 


< M2 < 12/5 ^ 2.4 


4/23(-l + 4v^) f^ 2.33 < A'P < 12/5 = 2.4 


d = A 


< M2 < 9/2 


-1 + 2v^ ^ 4.29 < M2 < 9/2 



Table 1: Allowed range of masses for Lifshitz solutions with dynamical ex- 
ponent 2;_|_ and z_ bigger then one. 



are two possible Lifshitz critical points. These conditions are not sufficient 
however because they only guarantee that the quadratic action equals (^. 
In general there would be interaction terms between the massive vector and 
other modes. If these interactions are quadratic or higher order in the new 
field, then one can consistently truncate them. However, if the interactions 
are linear in the new fields then the massive vector would source them and 
they cannot be ignored. Indeed, in all known consistent truncations that 
involve massive vectors one needs to keep additional scalar fields, see for 
example the ffist such truncation ^Ij. This is related to the fact that the 
OPE of the vector operator with itself may contain operators other than the 
stress energy tensor and we will revisit this issue in section O 

Looking at the spectrum of sphere compactifications one finds that there 
are indeed massive vectors in the required range. The spectrum of AdS^ x 
5*^ X K3 [13] contains a massive vector with M^ = 1 which leads to z = 1. 
The spectrum of AdS^ x S*^ [IB] contains two massive vectors in the allowed 
range. The ffist has mass M^ = 3/4 and the associated dynamical exponent 
is 2; = (45 + 3-\/209)/6 ~ 14.72 while the second has mass M^ = 2 and can 
be associated either with z = 1 and z = A. The spectrum of AdS^ x S^ 
[17] contains one vector in allowed range, M^ = 3, which is associated with 
z = 1 and z = 9 dynamical exponents. The cases with 2: = 1 do not directly 
lead to a non-trivial Lifshitz geometry but the dual operator may be used to 
deform the theory to a Lifshitz point as we describe in section It would be 
interesting to find whether any such case can be associated with a consistent 
truncation. 

We will instead here focus on the case where the dynamical exponent is 
close to one, 2 ~ 1 + e^, with e ^ 1. This can be achieved if the mass is 



M^ 



{d - 1) + {d - 2)e^ 



1 + d-d'^ 
d{d-l) 



e' + - 



(15) 



which imphes that the dual operator has dimension 

When M^ = d — 1 the leading order solution is AdS. Recall that the asymp- 
totic expansion of the bulk vector field is given by 

A, = 6(^-^+1)^^(0), + ■ ■ ■ + e-(^-i)M(,), + ■ ■ ■ , (17) 

where ^4(0)4 is the source of the dual operator and A(^ci)i is related to its 
expectation value. 

We would like now to interpret holographically the Lifshitz solution (^ 
with 2; ~ 1 + e^ as a perturbation of AdS with e <^ 1. The metric is AdSd+i 
up to order e^ while the massive vector becomes 

A^o)t = V2e{l + 0{e')). (18) 

Thus to order e the Lifshitz solution has the holographic interpretation as a 
deformation of the CFT by a vector operator Jt of dimension d 

ScFT -^ ScFT + V2Jd'^xeJ\ (19) 

In the following sections we will set up the holographic dictionary for this 
case and analyze the dual QFT. 

3 Holographic dictionary 

In this section we will set up the holographic dictionary between the bulk 
gravity and the dual field theory, working perturbatively in the parameter e. 
Our aim is to derive the holographic one point functions (in the presence of 
sources) and the Ward identities they satisfy. 

Holographic renormalization for Lifshitz solutions was studied in [151 SSI 
EDI ED E21 [S3]- in particular, it was established in [IHj, using the radial 
Hamiltonian formalism [SU E5], that these models can be holographically 
renormalized for any z. Since the models are non-relativistic it is natural 
to use the vielbein formalism [ISl [TU] and this is indeed what was used in 
[in]. Here however we will proceed by using the methodology in [5B] and the 
metric formulation. The reason for using the metric formulation is that we 

9 



are studying the theory from the perspective of the AdS critical point and the 
formulation in [SS] gives the asymptotic form of the metric in a more direct 
manner than the radial Hamiltonian formalism (which in turn is more efficient 
in producing the counterterms etc.). In contrast to previous approaches we 
have in mind deforming (by an irrelevant operator) AdS space into Lifshitz 
and do not assume particular fall-off behaviour for the bulk fields, but derive 
bulk solution for arbitrary Dirichlet data (see below). 

We begin with the action (^ together with the Gibbons- Hawking bound- 
ary term 

^bare = ^^J^ J d^'+'xV^I^R + d{d - 1) - Jf^.F''^ - ^M' A,A^^ 

+ -^ [d'xy^K, (20) 

with M^ given in ([H]). The associated field equations are 

Df.Ff"' = M^A", (21) 

M^ 1 1 

Taking the trace of the Einstein equations and plugging back into ( 12U1) the 
onshell action is 



5", 



onshell 



j d''+'xV^{-2d - ^ ^_ F^.Fn (22) 



16TTGd+iJ 2{d-iy 



SnGd+i 

This action diverges due to the infinite volume of spacetime and we need to 
add covariant counterterms in order to render it finite. The counterterms 
at order e° are well known. Here we would like to compute the required 
counterterms through order e^. To obtain those we need to compute the 
most general infinities that appear to this order and for this we need to know 
the asymptotic solutions of the field equations. 

We parameterize the metric and vector field as 

ds^ = dr^ + e^''g,jdx'dx\ (23) 

9ij{x, r; e) = g[o]ij{x, r) + e'^g[2]ij{x, r) + . . . 
Ai{x,r;e) = eeM(o)i(x) + .... 



10 



For the metric, the notation g[a]ij captures the order in e. Each of these 
coefficients has a radial expansion as well and the order in radial expansion 
will be denoted (as usual) by curved parentheses. For example, 

9[o]ij{x, r) = g[o](^o)ij{x) + e-^''g[o]{2)ij{x) + ■■■ (24) 

is the radial expansion of the metric at leading order in e. We would like to 
obtain the most general asymptotic solution given 5f[o](o)ij(x) and y4(o)j(a;) as 
arbitrary Dirichlet data. 

Using this form for the metric the Einstein equations can be expressed as 

mc[g],, - e^^jl/ + ^g' - ^g'g-'g' + ^tr(r^^')^ + ^tr(r^^O^'}^. (25) 
M^ 1 e"^'' 

-' g {'^FkrFir + e ^g"^"FkmFln)gij, 



4(1 -d) 
-D^g:^ - -DMg-'g') = —AiAr + -^g^''F,,F,.,, (26) 

- Itiig-'g") - trig-'g') + hiig-'g'g-'g') 

- 2^^^'-^ 2{d-l) ^ " '-'^ 4{l-d) '' ^ ' 

where a prime denotes a derivative with respect to r; indices are raised 
and traces are taken with the metric g'^^ and Di is the covariant derivative 
constructed from the metric gij. 
The vector field equations are 

d,{,/^g'^Fjr) = M'e'^y/^Ar, (28) 

dkiV^F''') + e^^-'^^'dr{e^'^~''~^''^/^g''^Frm) = M^e^'^/^A\ (29) 

Taking the divergence of the last equation we obtain 

e-^'d^i^Tgg'^Aj) + e-'^^9,(e*'v^A,) (30) 

-2r 



= e-''-d,{./^g'^A^) + d,/^Ar + 9,(v^A,) = 0. 

These equations can now be solved order by order in e: note that the 
metric expansion involves even powers of e whilst the vector field is expanded 

11 



in odd powers. The details of the analysis differ for different dimensions due 
to singularities in the numerical coefficients of the expansion. These imply 
the appearance of logarithms in special dimensions. We will thus study the 
two main cases of interest, d = 2 and d = 3, separately. It is clear that 
the analysis can be straightforwardly extended to any d; the computations 
however become increasingly more tedious as we increase the dimension (as 
in the standard asymptotically locally AdS cases). 

3.1 Analysis for d=2 
3.1.1 Zeroth order in e 

The analysis at order e° (pure gravity) was done in [57] leading to the metric 

9[o]ij = 9[o]{o)ij{x) + e~ ''g[o]{2)ij + e~ '^9[o]{4:)ij- (31) 

Note that in this case the Fefferman- Graham expansion terminates at order 
e"^*", although this will not play any role in this paper. The coefficient 5'[o]{2) 
is related to the holographic energy momentum tensor 

(^^.•)[oi = -^|l^' (32) 

where the subscript indicates that we work at order e°, as follows [571156] 

9m2)ij = - (-5'[o](o)ii^+ (16vrG3)(T,j)[o]) (33) 

1 / ^ 247r \ 

= 2 \3lomijR + —{Tij)io]j 

where the holographic energy momemtum tensor satisfies [2S1 EH] 

V^(T,,)[o]=0, (T/)[o] = ^i? (34) 

and c = 3/2G is the Brown-Henneaux central charge [50] (recall that we set 
the AdS radius equal to one). 

We also record the holographic counterterms: 

^^^[°1 = ~S^,h'''^^^^ + ^^W^o), (35) 

where tq is the radial cutoff. 

12 



3.1.2 First order in e 



At this order the massive vector is non-trivial and the near-boundary expan- 
sions has the form 






e'{A 



(0)i 



x 



\A(2)i{x) +rA(2)i{x)) ...), 
"^''(A(2)r.(x) +ra(2)r(a;))...), 



(36) 



e ''(y4(o)r.(x) + e~ 

where we will take A(o)i{x) = ey4(o)i(x) and work perturbatively in e. Note 
that A(o)r does not represent an independent source; using the divergence 
equation (15(1 one obtains 

A^o)r{x) = --^V.Al,){x), (37) 



where we gave this expression for general d for later use and V denotes the 
covariant derivative constructed from the fi'[o](o)jj (note that Vj differs from 
A in (EnD!). 



It will be useful to define A(2)i = e^(2)i anc 


Alo) = eOfo-i • Then the vector 


field expansion 


coefficients are 


0(2) = 


iv.Fg - ^V^(V,A|o)) + {^{T%o] - f ^a(o))^(ob- 


(38) 


= 


IdaJo) - VXV,AJ„)) + ^(r^-)[o]^(o). - 1^^(0)^(0). 


5 


0(2)r = e 


V.aja), (39) 


A{2)r = e 


- f (V.Ajo)) + V.AJ^) - ^V^V,:V,Ajo), (40) 




^(^(^^^■)[oi-f4)v^Ao). 







Here and later, when we present asymptotic solutions, indices are raised using 
the metric g^^^^^y 

The coefficient ^(2)j is left undetermined by the asymptotic analysis. As 
we will see later it is related to the expectation value of the dual operator, 
as in the standard case [M]- Note further that the coefficients at order e 
depend locally on the sources 5'[o](o), ^(o)^, as expected,. In addition, the 
coefficients depend also locally on the zeroth order expectation value of the 
dual stress energy tensor {T^^)^, which at first sight appears problematic 
since this coefficient is in general non-locally related to 5'[o](o) and this could 
lead to non-local divergences. We will see later how this issue is resolved and 
the conceptual interpretation of it. 
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3.1.3 Second order in e 

Let us consider tlie backreaction at order e^. Tlie asymptotic expansion takes 
the form 

g[2] = rh[2]{o) + re~'^''h[2]{2) + e^^''g[2](2) + 0{e^^''). (41) 

One could also include a term at order r° in g[2]ij, namely gi2]{o)ij, but such 
a term would correspond to a modification of the stress energy tensor source 
and here we analyze the response of the theory with the sources kept fixed - 
hence this term is set to zero. 

We provide details of the computation in Appendix [Bl Here we collect 
results. h[2]{o)ij and h[2]{2)ij are determined by the sources (for later use this 
expression for h[2]{o)ij is given for general d): 

h[2mtj = -^(o)*^(o)j + 2(t/- i) ^(o)^"^fo)^["l(°)'J' (^^) 

h[2]{2)ij = — (-4{o)fc^(o)(^ii)[o] - ^(o)(^H)[o]^(o)5'[o](o)Ji) + A{o)ka'{2)9[o]io)ij 
-V*'(A(o)iF(o)jfc + A(o)jF(o)ifc) - — A(o)fcv4fo)5f[o](o)ij + —A^o)iA^o)j (43) 
--(A(o)ia(2)j + v4(o)ja(2)i) + -Vfc(^Afo)(V/v4{o)) - 3A(^o)iF^o)J9lomir 
Moreover, divergence of fi'[2](2) is also fixed by 0246p and: 

tr((7[2](2)) = ^(0)i42) - 4^(o)^□^io) - ^^(o)(^i.)[o]4o) + J^(o).^(o)- (44) 

The part of g[2](2)ij undetermined by the asymptotic analysis is linked to the 
expectaction value of Tjj at order e^, as we will soon find. 

3.1.4 On-shell action and counterterms 

Having computed the most general asymptotic solution through order e^ we 
now move on to computing the order e^ terms in the regulated on-shell action 
to which the zeroth order counterterms Sct[o\ have been added. Computing 
the divergent terms at order e^ we obtain 



e 



2 r r^2ro 



IQtxG. 



d^x^-9[m) ^^(o)i^(o) (45) 



_^„(^^Ajo)(r,,)[o]Afo) - 7^(o).^(o) 
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2 

~ 4 



At first sight this looks problematic since the divergences appear to be non- 
local, due to the term involving (Tjj)[o]. However, this is only a "pseudo 
non-local" divergence, similar to those discussed in [HUES]- The non-locality 
disappears when we express everything in terms of induced fields at the 
regulated surface r = rQ. 

To find the counterterm action we invert equation (I36|) : 

eA(o)i = e-''Ai + ■■■ . (46) 

Thus the counterterm needed to cancel the leading order divergence in (1451) 
at order e^ is 



^=*['](') = 32^ J d'xV^Y'AA,. (47) 

Noting that 

y/^Y^AA, = ey-^[o](o)(^f^](o)^(o)^^(ob-e'' + 2rA^o)ia\2)) + ■■■ (48) 



we see that this counterterm cancels the apparently non-local piece in 
involving (Tjj)[o]. 

After canceling the leading order divergence we are left with a logarithmic 
divergence (which originates from the leading order counterterm): 



£2 



/rf^xyC^,„Q(V,A;o))2 - ^F(o).,i^)), (49) 



which in turn can be cancelled by the logarithmic counterterm 

!_/•,, , /l.„ .... 1 

''3 

Thus, in summary, the total counterterm action in two dimensions becomes 



^ct[2](o) = -I^/^'^v^^o(^(V.A^)2 _ ^^F,,r^y (50) 



1 /■ 1 

Set = Sctio] + 5'ct[2] = -^-pr / d'^x^/^{l + -Rro) (51) 






3271^3 

These counterterms suffice to render the action finite to order e^. 
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3.1.5 Computation of renormalized one-point functions 

To compute the renormalized one point functions we need to vary tlie total 
action. Note that the variation of dg"^^ includes variation of the vector source 
M(o)j: 

^9'' = ^^^(0) (52) 

- 2^(o)fc^(o)i5'[o](o)^fi'[o](o) + ^(o)^{o)fc^fi'[oi{o) + ^(o)^(o)fc^5'[o]{o) 

The variation of the renormalized action with respect to the vector source is 
finite by construction and is given by 

d^x^-9[m)9'[om{'^^{2)i - a{2)i - ViVjA;o))M(o)j. (53) 



WnG. 



The corresponding vector 1-point function is defined as 

V~9lom ^-^m V~5'[o](o) edA^o)i 

and is given by {J"^) = e(J*) with 

{J') = "1^(2^(2) - «(2) - V^V,A|o)). (55) 

As expected the part of the asymptotic expansion, ^(2), undetermined by 
asymptotics is directly related with the 1-point function of the dual operator. 
Now let us compute 1-point function of the stress-energy tensor: 

(7I,) = (r,,-)[o]+e2(r,,)[2] + --- (56) 

The stress-energy tensor 1-point function to order e^ is obtained using the 
finite part of the action variation at order e^: 

^ J d^x^J-9[om (57) 



167rG3 

/[0](0) 



S9;^ 



2^[2]{2)ij - ^[2]{2)ij - (^-tr(/l[2](2) - 9[0]{2)h[2](0)) - tr(^[2](2)) )^[0]{0)ii 



+ ^(0)i^(2)i - -A(o)fcA(2)5'[o](0)ii + T^(0)fl'[0]{2)fc/^(0)fi'[0](0)Ji " 7^(0)fc^(o)fi'[0](2)Ji 
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After using 
order e^: 



ij/m 



we obtain the correction to the stress energy tensor at 

2 ^5'[2]i-cn 



V-9lom ^9lo](o) 



(58) 



9m2)ij - A(o)iA(2)j - -A(o)fcA(2)5'[o](o)ii - T^(VfcA(o)) g[0]{0)ij 



SnGs 

-R.. ^ A Ak ^ A k 

— A(o)iA(o)j + — A(o)fcvl(o)5'[o](o)ii + ;^^(o)fca(2)fi'[o]{o)ii 



16 

+ T(^(0)iO(2)i + A{0)jO'{2)i] 



IVkiA 



m^id) + 5^fo)Vi^(o) )fi'[o](o)ij 



4 



F(o)i F{Q)jk + ^fo)j V'Ffoifc,- + A((S)jWF( 



l(0)i 



(o)fci 



H0)j 



(O)fci 



Again, as expected, the expectation value of Tij is directly related with the 
undetermined coefficient, g[2](2)ij- 

These 1-point functions were obtained using minimal subtraction. We 
will shortly see that they can be somewhat simplified in a different scheme, 
where certain finite boundary terms are added to the action. We will first 
analyze the Ward identities, however. 

3.1.6 Ward identities 

The divergence of the order e^ contribution to stress-energy tensor can be 
obtained using equation (C 

1 



V^(^.) 



*i/[2] 



leTrG, 



2^(2)^(0)ij - 2A(o)i(VjAj2); 



127r 



(T,,)[o]V^A(o).A|o)) 



c 



4 



:Ti^(o).,V'=VfcA{o) 



The complete energy momentum tensor then satisfies 
where we recall that A. 



(59) 



(60) 



(o)i = eA(o)i, {J^) = e{J^) and J'(o)jj is the field 
strength of Amyi. This is precisely the correct diffeomorphism Ward identity. 
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The terms in the rhs represent the contribution due to the couphng of vector 
operator (see for example [M])- There is no exphcit e dependence in this 
equation and this suggests it may hold beyond the small e limit. 
Let us now turn to the trace identity. Computing {T-)[2] leads to 

(^0[2] = -^ U(o).Aj2) - ^^;o)(T.,)[o]Ajo) + \FmjF^) (61) 



ki 



87rG_ 

D 1 

+ J^(o)^(o). - ^Vfc(^A(o).Ffo^) + 4o)(V,A*(o)) 

where we used (^^ and 

^ " levrG. \^^\o){Tij)[o]Alo) - -F(o)iii^(o) + -(ViA*(o))^ - jA*(o)A(o)i 

(62) 
This is expected form of an anomalous trace Ward identity. The first term in 
the rhs of (16T1) is due to the fact that we deformed the theory by a dimension 
2 vector operator. The second term A is the correction to the trace anomaly 
and it must be a Weyl invariant. 

In fact this term is related to the Weyl invariant action given in [M] which 
in our conventions and in arbitrary dimension d > 2 can be written as 

C = --Fi,F'^ - 'tlliy^A'f + '^—^Si.A'A^ - '^~^ RAiA\ (63) 
4 ^ 2d ^ ^ 2 ^ 8{d-l) ^ ^ 

where 

1 / /? \ 

^- = d^[^- - w^fy ^^^^ 

is the Schouten tensor. This action is only valid for d > 2 because of the 
singularity in (IMjl as d — > 2. We note however that when d> 3, Sij = — fi'[o](2) 
(see (A.l) of ^U\, reproduced here for d = 3 in fl7S]l ) and moreover if in rf = 2 
we replace 5"^^ by -g[o](2)ij (given by ([3SD) we get A\ 

One can check the Weyl-invariance of A by direct computation. The Weyl 
transformation of {Tij)[o] is well known: (5(Tjj)[o] = ^{'^i'^j'^ ~ 9{o)ijOa). 
This is a standard result in CFT and it has also been derived holographically 
in [SS]- With this information at hand one can check that under a Weyl 



transformation such that 6g[Q][Q)ij = 2ag[o](^Q)ij and (5y4(o)i = o"yl(o)j 

^(^^(o)(^^.)[oi^|o) - J^(o)..^j;) + ^(V.AJo))^ - |a5o)A(o).) (65) 

= -2^(^— ^(o)(^ii)[o]^(o) - 4^(o)*i^(o) + 2(^^^{o))^ - J^(o)^(o)* 

up to a total derivative term. Thus the anomaly term in (r/)[2] is indeed 
Weyl invariant. 

The complete anomaly through order e^ is given by 

(j:)-lAo)(m,)A^) (66) 

where this formula holds through order e^. As in the case of the diffeomorp- 
shim Ward identity, the e dependence is implicit and this formula may hold 
away from the small e limit. 

As we will discuss in more detail in section [5l the term quadratic in A)q\ 
on the Ihs can be thought of as a beta function contribution to the trace Ward 
identity, where the beta function is that of the source of Tij, namely of the 
metric g(o)ij- Indeed the asymptotic expansion of the bulk metric contains a 
leading order logarithic term at order e^, the /i[2](o) term in fl^Tl) . which can 
be thought of as renormalizing the leading order metric. 

3.1.7 Scheme dependence 

One can simplify the one-point function of the vector operator by adding 
finite counterterms. The details of the computation are given in appendix 
IF| here we only summarize the results. Requiring that (J*) contains only 
non-local terms can be achieved by adding 

Set, finite = -\j Vl {F^JF'' + 2(V,A0' + RA^) . (67) 



Then 

/ rfi\ 

167rG,s^^^^ 



{J') = -T^^m + \T%^A^o)r (68) 
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The first term in tliis formula is in agreement witli the result of [H] (upon 
continuation z — ^ 1). The second term is related to the OPE coefficient of 
two J*'s to T^K 

The addition of these finite counterterms modifies also the one-point func- 
tion of the stress-energy tensor, which becomes 

{Ttj)[2] = 2^fo)(^fc«)[0]^(0)5'[0](0)ii - ^^^ - 9[2](2)ij + ^(0)i^(2)j (69) 

11 n 

+ 2^{o)kA'{2)9[omij - ^(^(o)ia(2)i + A(o)ja(2)i) + — A(o)fcAfo)fif[o](o)ij 

5 11 

~ o^fo)^fc'^i^(o)5'[o](o)ij - T(VfcAfo))^5f[o](o)ij + -A(o)j ViVfcAfo 



+ ^(^^(o)iV''F(o)fcj + A(o)jV''F(o)fcij - -A(o)iVfeF(o) 
The addition of finite counterterms does not affect the Ward identities. 



3.1.8 Recovering the Lifshitz invariance 

Let us now fix the source terms to be those corresponding to the Lifshitz 
solution in (^ with z = 1 + e^: 

A(o)t = V2e, 9iomij = Vij- (70) 

The trace Ward identity ( 1661) becomes 

z{V) + {r:)=eV2{j'), (71) 

where the contribution of the term quadratic in A(o)i in the Ihs of flBBl) led 
to the change the coefficient of (7^*) from 1 to 2; = 1 -|- e^ . When {J'^) = 
then ( 17T|) is precisely the condition for Lifshitz invariance ! (We will review 
this in section ED- When {J'*) 7^ the Lifshitz invariance is spontaneously 
broken. 

Let us now evaluate the holographic formulas for the solution in (Q with 
z = 1 -|- e^. Expanding first in e we find that g[o]{2) = which implies 
(Tjj)[o] = 0. Furthermore, expanding the vector field we find A(^2)i = and 
using (IBS]) we conclude 

(r) = 0, (72) 

so indeed we recover the Lifshitz symmetry from the QFT Ward identity 

dnD. 
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Expanding the metric in e also gives /i[2](o)tt = -e^ = h[2]{o)xx, h[2]{2) = 
= 5'[2](2)- Thus h[2]{o) is traceless in agreement with our general results (see 
equation fll21) ). Using (1^ we finally obtain 

{%,) = 0, (73) 

which is indeed what we would expect, since this geometry should be dual to 
the (scale invariant) vacuum of the Lifshitz theory. In [SS] we will discuss the 
black hole solution in the deformed theory, which corresponds to a thermal 
state in the Lifshitz theory. 

3.2 Analysis for d=3 

3.2.1 Zeroth order in e 

The analysis at order e" was carried out in [5B] and we summarize the results 
here. The asymptotic expansion of the metric is given by 

9[o]ij = amoyij + e~^''5'[o](2)ii + e"^''5'[o](3)ii H (74) 

Here 5'[o]{2)ij is determined in terms of g[o][o)ij 

ID 

9[o]{2)ij = -Rij + j9[omij, (75) 

while g[o](3)ij is traceless and divergenceless and is related to the holographic 
stress energy tensor by 

3 

iT^j)[o] = i5^(g 9[o](3)ij- (76) 

The gravitational counterterms are given by 

3.2.2 First order in e 

Only the vector has a contribution linear in e: 

Ai = e'{A(^o)i{x) + e"2M(2)i(x) + +re-3''^(3)i + e^3"^(3)i(x) + ...), (78) 
Ar = e-"(A(o),(x) + e-2'^v4(2),(x) + re-^^a^^y + e-'^''A^3y{x) + ...). (79) 
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and (as in the d = 2 case) we will assume the source is linear in e, A[o)i{x) = 
eyl(o)i(x). It is also useful to define ^(2) = ^^{2) ^^^ -^(3)4 = ^0'{3)i- 

Solving asymptotically the field equations we find for the spatial compo- 
nents of the vector, 

^h = ^(^3^ (Vfc^(o) -id- 3) VM(o). - (tr((7[o](2))A*(o) - 2g^^^,^A(^,)^)^ 

'= \ i^kF^) + ^^Jo) - 2ffic^M(o),) (80) 

a(3)i =fi'[0]{3)ii^(0)> 

while the radial components are given by 

Mr = -|V,Ajo); A^2)r = -^(° + j) V^Aio) + V.AJ2), (81) 

a(3)r = eVioJg), A(3)^ = eViAjg). (82) 

3.2.3 Second order in e 

Next let us consider the backreaction on the metric to order e^. The asymp- 
totic expansion of the e^ term in the metric is 

9[2]ij = rh[2](o)ij + re~ ''h[2](2)ij + e" ' 9[2]{2)ij + re~ ''/i[2](3)ii + e" ''9[2](3)ij + ■ ■ ■ 

(83) 

where we set to zero the possible contribution to the source at order e^. Using 
the expansions of the field equations given in appendix [Cl one can express 
these coefficients as follows. The leading term h[2](o)ij is given by fH2]) . The 
terms at order r in (I247p give us the expression for h[2]{2)ij'- 



1 

H2]{2)ij = -^ 
1 



;VfcA(o)z)(V'^A' ) - (VfeAfoO^ + 2A(o)fcn4o. - 2A\^.V^ViA' 



-F(o)fcz-F(o) 



4 



5'[o](o)ii - -ViVj(A(o)fcAfo)) - — A(o)iA(o)j (84) 



+ ^V '( Vi(v4(o)jA(o)fc) + Vj(A(o)iv4(o)A:) - Va;(A(o)jv4(o)j' 
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From the terms at order one in (12470 : 

p 1 '? 

9l2]i2)ij = --^Ao)iAo)j + ^(O)i-Rifc^(O) - ^^{0)fe^(0)-R^Cjj + — ViVj(A(o)fcA(o)) 

- TV'f Vi(A(o)jA(o)A..) + Vj(A(o)iA(o)fc) - Vfc(A(o)iA(o)j) j + ■^^{0)i F(Q)jk 

1 



+ TM{o)jVjVfcA(o) + y4(o)jViVfeA(Q) + A(o)jV -F{o)fcj + ^(o)iV -F(o)fci 
+ [^(V.4o))' - ^i^(o)fc.i^fo) - ^^(o)..n4o) - ^4)V^Vfc4o) (85) 

9[omij- 



^(V,A(o)z)(V'^A;o)) + lAfo^VfcV.Afo) + ^^^(o);^4o) 



Using e ^ terms in fl247p we find 

3 2 / \ 

^[2](3)ii = g^(0)fc^fo)fi'[0](3)ii - g^fo) (^5'[0]{3)ifc^{0)i + fi'[0](3)jfc^(0)i j (86) 

+ 2^fo)fi'[o]{3)H^(o)5'[o]{o)ii- 

The term g[2]{3)ij is left undetermined by the asymptotic analysis, up to trace 
and divergence constraints. Its trace is 

2.5. 

tr(^[2](3)) = -A(o)iv4*(3) - — A*(o)^[o](3)ijAjo), (87) 



whilst its divergence satisfies 

V^/i[2](3)ii - 3V^5f[2](3)ii - 9[0]{3)'^ kh[2]{0)ij - 2H2m'^i9m3)jk 

- Vitr(/l[2](3) - 3fi'[2](3) - 5'[0](3)^[2](0)) 

= 2(A(3)jA(o)r- + A(^s)rA(o)i) - 9[0]{3)P{0)ijA{0)k 

+ ^(o)(^»^(3)j - VjA(3)i) - 2Aj3)F(o)ij + aj3)F(o)ij. 

3.2.4 Counterterms 

Evaluating the on-shell action we find that the leading order divergence is 
given by 

'S'div = Y^ / d^x^-g^ome^' ( - ^^(o)^^Jo)) + " " " (§9) 
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There is in addition a logarithmic divergence containing the non-local com- 
bination yl*(o)5f[o](3)ijA|o): 

-^div = - Y^^ / d^x^f^^)r (^2v4*(o)^[o](3)ij v4|o) j . (90) 

Both these divergences are removed by the local counterterm 

Thus, we find again that all the counterterms are local. 

3.2.5 Renormalized one-point functions 

Although there are additional local counterterms required to remove sublead- 
ing divergences at order e^ , only this leading counterterm (1911) can contribute 
finite pieces to the 1-point functions. Therefore we do not need to construct 
explicitly all the counterterms: it is enough to know that these are local. 
Defining the one point function of the vector operator as 

/ Tn _ OOrcn _ t 0>-'ren ,f^r,\ 

\^ I ~ / n ; ~F1 ' W^J 

V~5'[o](o) oA{Q)i V~5'[o](o) eo^(o)i 

and using 

(167rG4)<5A5'on-sheii = - / (fx^^^'^FriSAj + j d^Xy^Y' A5A, (93) 
we compute 



where we used ( 175|1 . 
From 



167rG'4(^^S'on-shcii = / d^Xy/^{Kij - K-fij + 2'yij)6Y^ (95) 

I I- X 

+-y d^x^^{AiAj - -AkA^-iij)5f^ 
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one can compute the stress energy tensor 



2 dS, 



on-shell 



V-9lom <^^[o]{o) 

Then 

(7-,) = (T,,)[o]+62(T,,)[2] + --- (97) 

where the leading order term is given in (175]) whilst 



1 



IGttGa 



1 



{Tij)[2] = -J^ZTT ^[2]{3)ij - 3^[2](3)ii - T^(0)fe^(0)^[0](3)ii (98) 
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- ^(0)5'[0](3)fc«^(0)5'[0]{0)ii + A(o)fcAf3)5f[o](0)ij + A(o)iA(3)j- + A(o)jA(3)i 

3.2.6 Ward identities 

Using (15^ we can check that the expected diffeomorphism Ward identity is 
satisfied: 



V^ (T,,)j2] = A(o).V, {J^} - {J')F^o)^r (99) 

where we used (JT"*) = e (J*). 

For the trace of stress-energy tensor we obtain 

(^^>p] = -T^(3A(o).Aj3) - ^Ajo)^[0](3).,Ajo)) (100) 

Thus through order e^ the complete trace Ward identity is 

This is precisely the same as the d = 2 case in (16611 . except that in d = 2 we 
have additional terms related to the conformal anomaly. The terms quadratic 
in A(^Q)i can be thought of as a beta function contribution to the trace Ward 
identity. 
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3.2.7 Recovering Lifshitz invariance 

The discussion parallels that given for rf = 2 in section I3.1.8[ The quadratic 
terms in ^■|'q> are responsible for producing the Lifshitz Ward identity 

z{V) + {V) = eV2{j'), (102) 



once we set the sources to the values relevant for pure Lifshitz f lTO]) . 

Furthermore, the 1-point functions evaluated on the pure Lifshitz solution 

(ED with z = l + e^ yield 

(J') = 0, {%,) = 0. (103) 

Thus the geometry can be interpreted as the vacuum state in the Lifshitz 
theory, as anticipated. 



4 Lifshitz Invariant correlation functions in 
two dimensions 

To derive higher-point correlation functions in general spacetime dimension 
one needs to solve the bulk field equations around the background. However 
in d = 2 the situation simplifies: as we review below, in a relativistic two- 
dimensional CFT conformal symmetry is powerful enough to fix the 2-point 
function of stress-energy tensor with itself. (In fact, all higher point functions 
of stress-energy tensor are fixed by the symmetry). We show here that a 
similar argument applies to the Lifshitz invariant theory. 

4.1 Correlation functions in the relativistic CFT 

Let us start with the relativistic theory. Consider metric fluctuations g^^i: = 
rj^u + hfiu- The diffeomorphism and trace Ward identities in standard complex 
coordinates are given by 

d{T^^) + d{T^^)=0, (104) 

= - ■ ^—id'^K^'^ + d'^K^'' - ddK^"" - ddW"''), (105) 
4 247r^ '' ^ ' 
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where in the last equahty we have hnearised the Ricci scalar which suffices 
for 2-point functions. 

The main idea of the argument is then the following. By taking further 
functional derivatives of the diffeomorphism Ward identity we obtain a sys- 
tem of differential equations for different 2-point correlation functions. For 
example, differentiating (11041) with respect to /i""" yields 

d {T^^{w)T^^m = -d (T^^HT^^(O)) . (106) 

Then we use the trace Ward identity to compute one of the terms (involving 
the trace) and integrating these differential equations we obtain the 2-point 
functions. 

Indeed, taking the functional derivative of (11051) with respect to h^"^ we 
find 

{T^^{w)T^^m = ] ■ ^4d'6\w,w) = ^d'^ddlog\w\', (107) 
4 /47r /47r Ztt 

and using (11061) we obtain 

d{T^^iw)T^M) = -d {T^^iw)T^M) = -T^^ddHoglwl''. (108) 

247r ZTT 

Integrating this equation (which amounts to cancelling the factor of d in the 
left and right hand side) we find the well-known result: 

{T^Uw)TUO)) = j^^- (109) 

(The factor l/(27r)^ follows from our "bulk" convention for the energy mo- 
mentum tensor, i.e. T^^, = -^ j-^, see the discussion around (I162p .) A similar 

computations yields the 2-point function {Tu,ii,{td)Tu,u){0)) = ^/{'^'^Y{c/2)/w^ 
in the anti-holomorphic sector. Finally, functionally differentiating (11051) 
w.r.t. h'^^ we find the 2-point function {T^wiw, w))Tyjyj{^)) = —■^ddS'^{w, w) 
which is a contact term as expected. 

4.2 Lifshitz theory 

Now we move on to the Lifshitz case. Our goal is to obtain the 2-point 
function by exploiting the underlying symmetry. Let us decompose A = 
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A^ + a, where A^ is the constant background value of order e necessary to 
support the Lifshitz geometry and a is a fluctuation around this background. 
Similarly, we write g/,^ = rj^y + h^y. 

The diffeomorphism Ward identity can be rewritten in complex coordi- 
nates (tf , w) as 

d (T^^) + d (T^^) = Afo)^(a (J^) + d (J„,)) + . . . , (110) 

where we omitted terms which do not contribute to the two-point functions 
in the scale invariant vacuum (i.e. the vacuum with a = 0). 
It is convenient to define a conserved spin two current by 

Jfjiv = J- fiv ~ A^ Ju. (Ill) 

In the scale-invariant vacuum we have 

d {J^,^) + d {J^u,) = 0, (112) 

d{Ju,w) + d{Ju,u,) = 0, 

i.e. this operator is conserved. 
The trace Ward identity reads 

(T^„-,) =^(4]^ (J^) + 4]^ (J^)) (113) 

Similarly to the relativistic case we can use (11131) to compute one of the 
2-point functions. Differentiating this identity with respect to a^ we get 

(T^«)^) =lAf,y^ {J^J^) + 0(e2), (114) 

where we have dropped terms which vanish in the scale-invariant vacuum; 
note also that {JwJw) is of order e or higher. 

Similarly, differentiating (I113p with respect to hu,yj and using (I114p we 
get up to quadratic order in v4^, 

X-'- WW-'- WW I ^ ~\ \-^[\S\w) {'-'w'Jw) I [^[(jjui) Wui^u)/ I + {-'-ww-'-ww/cFT \ ^) 



4 



2 ( V^fOliI;) {-l-ww-l-ww} + [A^QY^) {-Lww-l-ww} 
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Note that we kept several contact terms, like {TwwTww)cft (^^^ ^^^ previous 
subsection). Using (11141) and (11151) we finally compute 



{■Jww{'^)JwwiO)) = (T^^(w)T^^(O)) , (116) 



Let us now return to the diffeomorphism Ward identity (I112J) . This provides 
us with a set of differential equations for correlation functions. Consider 
differentiating it with respect to the source to which J^j, couples. One gets 

d {Jnjy,{w)J^y,{0)) = -d (J„,tD(w) J«,«,(0)) , (117) 

d {Jww{w)Jnjw{0)) = -d {Jnjw{w)Jnju,{0)) ■ (US) 

One can obtain similar relations by complex conjugating (I117|) and (IllSp . 
which amounts to making the replacements d -H- d and w -r^ w. 

This information suffices to derive all two-point correlation functions 
of J^u. Inserting the background value for vector fielqfl: A(o)t = \/2e or 
A(o)^„ = -A(o)^ = e/V2 and using(J^(M;) J^(0)) = -{Cj/2)/{w^w) and 
{Jw{w)Ju,{0)) = —{Cj/2)/{ww'^) we directly compute 

{Jww{w)Jy,ij,{Q)) = -e^—^i -—^ H — ) + {T^.oj{w)T^ii{Q))cFT (119) 

16 \w^w ww^ J 

+ y ( {Ty,ii,{w)T^y,{^)) + (T^tD(tf)T^.ai(0)) 

(^^(w;)J^^(0)) = (J»^(«;)J^^(0)) + e'-^ (—- + ^) (120) 

Note that we keep local terms because they are needed for the derivation of 
subsequent formulae. Using (I118|) we can integrate (I119p once to obtain 

(^.(^)^.(0)) = -e'^ ( - -4^ + si^) + ^7^^ (121) 



4 (27r)2 w 
d e2 



- {T^n,iw)T^u,{0))^pj, + — (T^^(w;)r^^s(0)) + e'^F{w) 



where we have explicitly introduced a local term needed for Lorentz invari- 
ance (at order e*^) and absorbed other local terms in holomorphic function 



^Our Euclidean conventions are w ~ x + its, w ~ x — He following those of 
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F{w). Integrating flll7j) we obtain 

J«,«,H^»0 = -e2^ — ^ + 12 ^4 ^ 122 

16 Vw^w w^ ) 

^ ell W 1 c/2 2/ -or^/ \ ^/ \N 

where G{w) is also local. A completely analogous reasoning applies to the 
antiholomorphic components. 

Likewise, starting from (11201) one can compute {JwwiyAJww^y) and other 
correlators. Omitting all details we just quote the results: 

(J^„^s(w)J^D^s(0)) = {J ww{w) J ww{^)T , (123) 

(^«;(w)^tD(0)) = (Jt««}(w)^«;(0)) , (124) 

2 (27rj"^ W* 

up to local terms which in particular involve the T^^^, correlator in the CFT 
with the same index structure. Here * denotes complex conjugation and all 
other correlators can be obtained by complex conjugation. 

4.3 Lifshitz invariance of two-point functions 

To obtain the scaling properties of the conserved stress-energy tensor J^j, 
under the Lifshitz rescaling 

X ^ Xx, t^ XH (126) 

it is more convenient to rewrite the correlators in Cartesian coordinates, using 
the results in the previous subsection. For example, we obtain 



(27r)2 (t2+x2)4 6 (27r)2(t2 + a;2)3 

2 c/2 (t2-x2)(t4_14t22;2+3,4N , o o, 9 , , „, 

^''(h W? ^('°g(*= + -Vj)H-.... (127) 

where we have omitted scheme dependent (local) terms. To simplify the re- 
sult we have also explicitly used c = Gn^Cj = ?>/{2G-i), where Cj is obtained 
from (12^ . 
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On general grounds one expects that 2-point correlation functions in a 
Lifshitz invariant theory take the form 

(Oa,,Oa,,)=x-^"-^"/(x), (128) 

where the function / depends on the ratio x = '^/^^ but is otherwise in 
general undetermined by the scale invariance. Our results take exactly this 
form, for example 



(^(t,x)^(0)) = ^x-2(^+^) 



l-a^7^%^ (129) 



(X^ + 1)^ 
1 2 X'-I 2(x'-l)(x^-14x' + l)n /i 2. 9n 

with the function f{x) being completely determined in this instance by the 
Ward identities. 

Under the Lifshitz rescaling 



{ju{t,x)Jtm) -^ {Ju{x%xx)Jum = ^^ {Ju{t,x)Jum (130) 

up to order e'^. 

The correlator {Jxx{t,x)Jxx{0)) agrees with {Ju(t,x)Jtt{0)) up to terms 
without logarithms at order e^ and therefore it scales as 

{Jxx{t, x)JxxiO)) -^ {JxxiX% Xx)JxxiO)) = ^^^ {Jxxit, x)Jxx{0)) ■ (131) 

Similarly, we can compute 

{jut,^)jum = 8e^^ ^"^^' ^;,'|Y^ + '"'^ iog(t^ + x^) (132) 

„,^ e\ c/2 tx(t^-x^) ^2 c/2 tx(t^ - 3x^)(3t'^ - x^) 
+ 8 1-- J,, ,\ . ,,/ -96^ / V A ; 



2^(27r)2 (t2 + x2)4 (27r)2 (t2 + a;2)E 



1 2 c/2 tx 

^3^ (27r)2 (t2 + a;2)3 + 



■(27r)^ 



.2,-(l+^)-22; 



xix' - 1) 



(X^ 
2 _ 

6 ix' + 1)5 ' ^ (x' + 1)5 
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e^ x(-23x^ + 68x' - 17) 2X(x' - 5%' + 2) , ,^ 2a 



Under the rescaling (11261) this transforms as 

(jtx(t,x)j«(o)) -> {ju\%xx)jum = -^ {jut,x)jttm . (133) 

Recall that J^,y is not symmetric and therefore Jf^ and J^t are not equivalent. 
For example, 



(J.*(t,x)J«(0))=4-— ^x-2-(^+^) 
(27r)^ 



y(Y^ - 1) 



ix' + 1)^ 



6^ x(-23x^ + 68x^ - 17) , x(2x^- 5x^ + 1) o^ , 

6 (x2 + l)5 +' ix' + ir ^^ +X} + --- 



and this scales under (11261) as 



{Mt,x)Jttm -^ {JM't,xx)Jum = ^^{Mt,x)Jum. (135) 

From these results we can now read off the Lifshitz scaling dimensions for 
the different components of J. From (I130J) and (I13ip we see that the scaling 
dimension of Ju equals that of Jxx 

Al{Ju) = ^l{J..) = l + z, (136) 

where the subscript L is used to signify that this is the Lifshitz scaling di- 



mension. Furthermore (I133p and (I135p imply that 

AM.) = 2z, ALiJxt) = 2. (137) 

These scaling dimensions agree with those derived on general grounds in 
[in] and thus our correlators indeed display the expected scahng properties. 
Note that one interprets Ju and J^t as the energy and momentum densities, 
respectively, while Jtx and J^x are the energy fluxes and momentum fluxes, 
respectively. Note that in a non-relativistic theory momentum density and 
energy flux are independent quantities. 

One can derive the remaining correlators using the diffeomorphism Ward 
identity 

dt {Jtt{t,x)) + dx (Jte(t,a;)) = 0, (138) 

dt {Jxtit, x)) + dx {Jx.it, x)) = 0, (139) 
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just as in the last subsection. For example, using the explicit expressions 
given above it is straightforward to check that 

d. {JUt, x)Jum = -dt {Mt, x)Jum . (140) 

To display the full structure contained in the correlators it is useful to intro- 
duce the notation 

{J,u{t,x)J,^m = x-^-(^-)-^-(^-)^.,,.(x). (141) 

Note that f^v^paix) is not a tensor but rather a bookkeeping device. One can 
then translate the diffeomorphism Ward identities into simple differential 
relations between the different components of f^^^pa- For example 

fkuix) = (1 + 3z)/,.,,(x) + zxfLttix), (142) 

where a prime denotes a derivative with respect to x- It is easy to verify 
this relation holds using (I129|) and (11321) . If the Ward identities do not get 
modified at higher orders in e than this and analogous relations for other com- 
ponents would hold to all orders in e! Explicit expressions for all remaining 
correlation functions may be found in Appendix [El 



5 Dual QFT 

In previous sections we found that the QFT dual to the Lifshitz geometries 
with z = 1 + e^ is a specific deformation of a GET. One might wonder whether 
such Lifshitz critical points can only arise in strongly interacting QFTs with 
a holographic dual or whether there is a general such construction of Lifshitz 
invariant theories, irrespectively of whether the theory is strongly or weakly 
coupled, has a holographic dual or not. We show in this section that this 
construction indeed holds in general. We consider a GET deformed by a 
weight d vector J'\ 

S = ScFT + v^e y d'^xj'. (143) 

(The factor of \/2 is included only for the purpose of comparison with the 
earlier holographic discussion.) 
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5.1 The classical theory 

Let us first discuss the classical theory. After the deformation, the theory still 
has a conserved energy- momentum tensor Tij, since the theory is invariant 
under translations. However, this tensor is not symmetric any longer because 
the deformed theory is not Lorentz invariant [151 [TU] . One can work out Tij 
either as the Noether current corresponding to translations or by coupling 
the theory to a vielbein ef and varying with respect to it (hatted indices 
correspond to fiat tangent directions). In our case the coupling to vielbein is 
given by 

^[e] = ^cftN +eV2 f d'^xee/j', (144) 

and the stress energy tensor is defined by 

Tt = -if^. (145) 

k 

This is a conserved tensor, V^Ti^ = 0. In our case, it is given by 

-n, = ife^k = ^f ^ + v^e [9^,J' + e/ J, - Si (^) ei) • (146) 

From the energy-momentum tensor at hand we can construct the conserved 
current corresponding to Lifshitz rescaling. Consider the following current 

h = r,,e (147) 

where ^* is the Lifshitz transformation, 

5x' = C, i^ = zx\ ^ = a;^ (a = 1, . . . ,rf - 1). (148) 

Taking the divergence of this current we find 

d\ = {d%)e + %,d'i\ (149) 

where we now consider the theory in a flat background. The first term van- 
ishes due to translational invariance. In the relativistic case, Tij is symmetric, 
and at this point one symmetrizes, V'^-' — > l/2{d^S,^ + d^^^). Then the second 
term vanishes if ^* is a Killing vector (Poincare transformations) or it can 
be made to be proportional to the trace of stress energy tensor, 7^*, if ^' is 
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a conformal Killing vector. In the latter case conformal invariance is thus 
linked to the tracelessness of Tij. 

In our case, Tij is not symmetric. However, 

doe = Z, dae = 5'a 5ae° = 5or = 0. (150) 

It follows that the conservation of U is equivalent to 

= \/% = zl^' + T^. (151) 

We conclude that a non-relativistic theory with a (non-symmetric) stress 
energy tensor Tij is Lifshitz invariant if Tj satisfies the trace condition fll5ip . 
Taking the trace of fll46p we find 

Ti = V2e ({d + 1) J* + {SnT)ei') = 0, (152) 



where in the first equality we used the fact that the stress energy tensor 
of original CFT is traceless and in the second, S^jJ^ = —{d + 1)J\ which 
expresses the fact that J* is a weight d vector. Thus, at the classical level we 
have a non-relativistic z = 1 Lifshitz theory. 

5.2 Conformal perturbation theory 

We now turn to the quantum theory. We will eventually specialize to the 
case of a deformation with only the time component participating but we 
start by considering a more general deformation: 

S = ScFT + e I d''xAio)iJ\ (153) 

Since the deformation is small we can study the theory using conformal 
perturbation theory. Let us consider the partition function Z[e] and expand 
in e, 

Z[e] = ZcFT-ej d''xA^o),{J\x))cFT (154) 

+ -e' / d''xd''yA^o)i{x)A^o)M'^J\^)JKy))cFT 

Z J\x-y\>h 

where ( )cft denotes the computation in the conformal vacuum of the unde- 
formed theory and 1/A is a UV cut-off. Since CFT 1-point functions vanish, 
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the leading non-trivial effect is at order e^. To compute this we will use the 
OPE of the vector operators. 

The general form of the OPE is 

J.(x)J,(0)~E^6^^ (155) 

where A^ is the dimension of the operator Ok- Inserting this in (I154p one 
finds divergences whenever 

Afe < d. (156) 

To remove them we will need to renormalize the sources of Ok ■ If we do not 
have couplings to these operators we have to add them at this point. The 
OPE contains the following universal terms 



^2d 


■■■ + A/ 


X'' ^- 


hj = Sij - 


^XiXj 
X2 ■ 





where 

;i58) 

and the overall normalization is correlated with the normalization of Jj. The 
OPE coefficient Aij'^ is completely fixed by conformal invariance 'vn d = 2 
while there is a 2-parameter family of coefficients when d > 2. We will 
discuss the two cases in turn. The terms not exhibited are theory specific 
rather than universal. 

5.2.1 Prom a relativistic to a Lifshitz critical point 

Before we move on to discuss in detail the two cases let us explain how the 
relativistic critical point becomes a Lifshitz invariant critical point. After the 
relativistic GET is deformed there are beta functions and one finds that the 
dilation Ward identity becomes 

('7-^) = -EA0\ (159) 

i 

Zeroes of the beta functions will lead to a new relativistic GET in the IR, since 
then {Ti) =0. As we reviewed above, Lifshitz invariance is characterized by 

^m + {v) = 0. (160) 
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Thus in order to obtain a Lifshitz invariant fixed point starting from a rela- 
tivistic one, one of tlie operators appearing on the rhs of (11591) must be the 
stress energy tensor and it should have a non-zero beta function such that 

{ri) + \p'^{%,) = z{Ti) + {T:), (161) 

for some z. In other words, this beta function, instead of generating a flow, 
changes the condition of scale invariance from the relativistic one to a Lifshitz 
invariant one. If there are beta functions beyond the one for metric in (115911 
then one needs these to be zero to remain at a fixed point. We will show in 
the next subsections that the deformation we consider is indeed of this type. 

5.2.2 The d=2 OPE 

In this section we work in two dimensions, in Euclidean signature, introducing 
complex coordinates z = Xi + ix2, z = xi —1x2 u- The vector operator J = J^ 
has dimension {hj,hj), while J = J^ has dimension {hj,hj). The stress 
energy tensor is defined as usual by T^^, = -T^/fu and (following [57|) we also 
define 

T{z) = -2tt%, (162) 

with a similar formula for the anti-holomorphic part. T has the standard 
normalization for a 2d CFT while the normalization of the holographic stress 
energy tensor is that of T. 
Recall that 

^r \Tf ^ hjJ{w) dJ{w) 
^(^)^H-(J3^+(73^ + ---' (163) 

T(.)T(.)^^^ + ... (164) 

with obvious generalizations for antiholomorphic components of the vector 
and stress-energy tensor. The central charge of the CFT is c. 



^We use the conventions in [SJ- In partricular, d ~ \{dxi — idx2), ^ = ■^{dxi + 
^6{xi)6{x2) Note also the useful identity: 991og|zp = 2TrS'^{z). 
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On general grounds the OPE J{z)J{w) takes the following form: 

J{z)J{w) ~ ^'J^_ + k- 1_ +... (165) 

[z — wy^[z — w) [z — w)[z — w) 

J{z)J{w) ~ ^'/_^ + k- 1_ +... (166) 

{z — w){z — wy [z ~ w)[z — w) 

J{z)J{w) ~ -c.c /y''';!''^} + . . . (167) 

[z — w)[z — w) 

We now consider how to determine the constant k. We consider the 3-point 
function {T (z) J (zi) J {Z2)) in the limit when (first) Z2 goes to and (then) Zi 
approaches 22- This correlation function can be determined in two different 
ways. First we can exploit the J{zi)J{z2) OPE directly in the correlator 
(neglecting a possible trace anomaly, which does not play a role) 

{T{z)J{z,)J{z2)) = (T{z)k^) = fc^-V^> (168) 

\ Z\Z\ Z, ZiZi z 

where we set Z2 = 0. Note that in general the J{zi)J{z2) OPE contains also 
descendants of T. But such terms have less singular behaviour when zi goes 
to and it suffices to keep the most singular term only. 

Another way to compute this limit of the correlator is to consider an 
inversion with respect to Z2 (or a point very close to it) 

x" = 4. (169) 

This way we may send Z2 to infinity and then apply the short-distance ex- 
pansion 01631) to calculate T{z')J{z[). The inversion 01691) corresponds to a 
local dilatation and a local rotation, such that 

{T{z)J{z,)J{z2)) = 7^2T^2T^2-2-- {n^')M)M)) ■ (170) 

[ZZ)'' [ZiZiY [Z2Z2y Z^ Z1Z2 ^ ' 

The correlation function of the right-hand side then becomes 



hjj{z[) dJ{z[] 

Cjhj 1 



{fiz')M)m) = Ut^^2 + 7S^)^"(4) ) (171) 



-z[n-z[ - -z'2nz[ - z'2) 
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In the limit when zi goes to we obtain 

{T{z)J{z,)J{z,)) = -^fril- (172) 

Comparing f ll68p to f ll72p we obtain the relation 



Cjhj 1 1 

2 ziziz"^' 



kc = -Cjhj = -Cjhj. (173) 

A particular example of such a deformation is given by combining free boson 
and free fermion CFTs (such that c = c = 3/2). In such a theory the vector 
operator J^ = id^Xipip of the correct dimension and using the standard free 
field OPEs 

X{z)X{w)^ -^ln\z-w\^ + ..., (174) 

4:71 

,lj{z)^{w)r~.^^— + .... (175) 

Zn z — w 

it is straightforward to check that Cj = j^ts and k = —j^^ in agreement 
with (IT73D . 

5.2.3 Conformal perturbation theory in d=2 

Next we use the general OPEs (11651) in order to obtain the beta function 
and anomaly in the deformed theory. This will allow us to reproduce the 
structure of our three-dimensional gravity results. 

Consider a deformation of the CFT by a term of the form e / cPxA^ J^ = 
ej(Pz{AJ + AJ), i.e. 

S = ScFT + e fdh{AJ + Aj). (176) 

Then J has dimension (3/2, 1/2) and J has dimension (1/2, 3/2) in the case 
of interest. 

Expanding exp[—e J d'^z{AJ + AJ)] to the second order in A and using 
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the OPEs (USSD we get 

exp[-e fd'^z{AJ + AJ)] ^ 1 - e f dh{AJ + AJ) (177) 

e^^ /■j2 ,2 I f Af ^Jf ^ , -Af ^ Af x\ '^^(^12^12) 



- i-Cj j d^z^£z2 ci (^A{z^)A{z2) + ^(^1)^(^2)) ■ 



+ A{zi)A{z2) 



1 ^ 3 Tiz2] 



.22:12212 202122:12 



+ A(2i)A(z2) 



^122:12 

1 ^ 3 f (22) 



.22122:12 2c2i22i2 



Let us take a closer look at possible divergences. All the 22 integrals can be 
explicitly evaluated in polar coordinates, e.g. 



/'rf2^^^2^^^4(2i)A(222 ^ 27rlog(A-^) f dh,A{z,)d^A{z,), (178) 

J Z-10Z10 J 



where A ^ << 1 is a UV cutoff. The cutoff introduces a scale and thus 
breaks Weyl invariance, and the logarithmic divergence is removed by a log- 
arithmic counterterm. Noting that Ad^A + Ad'^A = j^FijF'i - \{diA^f + 
total derivative we see that it precisely mimics (I5(JI) . 
Another divergent term arises from 



j dhidh2^^^^^4^f{z2) = 47r log(A^i) / dhiA{zi)A{z^)f{zi). (179) 



A {zi)A{z 2) 

^12 ^12 

This involves the stress-energy tensor and thus renormalizes the metric {SS 
^T^Jg'"'; recall that T = -27rT,,) 

>3Cj 



Equivalently 



9'' -> ^f = /' - levr^^ log(A-i)A,^. (180) 



dgRzz ^ 2 3C*j 



A7r'—^AzAz= AzAz (181) 



and similarly 



91og(A-i) 2c 



,,^^ff" , = 4n'^A,A,= A,A„ (182) 

aiog(A-i) 2c ' ^ ^ 
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where we used the relation Cj = c/(67r^) which follows from f l252p . In the 
gravity computation this renormalization arose from the /i[2](o) correction in 
2 dimensions. Recall that /i[2](o)ij = —AiAj + |ylfcy4^5f[o](o)ij. Using 

^[2](o)..=A.^. = \{A'A' - A^A^ + liA^A')- (183) 

/i[2](o).-.-=^i^.- = \{A'A' - A-A^ - 2iA^A% (184) 

^[2](0)ti = ^[2](0)22 + ^[2](0)22 = — ^[2](0)xa: = ^(AA — ^x^x)- (185) 

If we want to compare with the gravitational results we should analytically 
continue to Lorentzian signature At At — ^ —A^-A^ and /i[2](o)ti ~^ — ^[2]{o)rr- 
Then the CFT expression for /i[2](o) agrees exactly with the gravity computa- 
tion. Switching on only the deformation by the time-component of the vector 
leads to 2; = 1 -|- e^, in agreement with our bulk computation. 
The most leading divergence comes from 

sr2 



\d^z^d\2A{z{)A{z^) 1^12, ^12 j ^^ /■ ^^^ f d'z,A{z,)A{zi). (186) 

J Zi2Z^2 JA-l P J 



This divergence is removed by a local counterterm which is the counterpart 
of dS]). 

The generating functional of connected diagrams transforms under Weyl 
variations as [HS] 

dW dW ^^ 

dlog(A) c?log(A) "Y 

where /3j are the beta functions for the operators coupled to (9* and a is 
the trace anomaly (not to be confused with A). In our case there are non- 
vanishing beta functions for the metric g. 
On the other hand p5] 

dW 

Comparing with (16 1|) this gives us an interpretation of the non-local term 
A^tijA^ appearing in A: it comes from beta functions! 
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We can compute ^^|^^^s directly from the renormalized action. A arises 
essentially from the logarithmic divergences f ll78p and (11791) . which combine 
to give a total logarithmic divergence proportional to 

Ad^A + Ad^A) + 4— {ATA + ATA). (189) 



Note that 



Ad^A + Ad'^A = —FijF'^ - -{diA'f + total derivative (190) 

16 8 



ATA + ATA = -A%,jAK (191) 



and 

1 

4" 

Thus the logarithmic divergence (which is equal in this case to the anomaly) 
is 

(1f,,F^^- - \{d,A^f) + |^%-4^'- (192) 



To compare to the gravitational computation recall that Newton's constant 

3 
2G3- 



is related to the central charge of the underlying CFT through c = ^1^ . We 



rewrite our holographic anomaly ( 1621) as 

A = ^^Jo)m,)[o]A|o) - ^(i^(o)^^-^g) - ^(V.^io))'), (193) 

where we omitted the curvature term as we cannot see it in our CFT compu- 
tation because we are working in a flat background. Recalling that Tcft = 
— 27rTbuik we see that the gravity and CFT computations indeed produce 
exactly the same Weyl anomaly. Recalling that in our holographic model 
Cj = 1/(471^(73) one can check that even the overall coefficient of the anomaly 
agrees with the gravity computation. 

5.2.4 d>2 

In this section we adapt the discussion of [51] to the case of the 3-point 
function {T^y{xi)J^{x2)Jp{x:i)), where J is a vector field of dimension A 
(equivalent results can be obtained using the embedding formalism |7Uj). 
Here we will assume that there is a unique spin-2 conserved current i.e. the 
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stress-energy tensor is unique. Our goal is to derive the general OPE and 
compute the beta function for the metric. 

Our starting point is the following expression [SH] for the 3-point function 
under consideration: 

{T^u{xi)Ja{x2)Jp{Xi)) = rf a 2A-d ^/^^-7^(^13)-^^"(^23)^7<5ap(^12) (194) 

3^12^13^23 
1 

Icra{Xl3)Ipl3{X23)tnua(5{X23) , 



d ^d ^2A-d 



•^12-^13-^23 

where Xij = x^ - x,-, ^(x) = 5^, - 2^, X12 = fg - f| and 

1-f,u,up{x) = -{Ipa{x)Iyp{x) + Iua{x)If,p{x)) - -6f,y5„p. (195) 

The tensors t and i are homogeneous of degree zero in X and they satisfy 

'^puupy-'^ ) ^ aay-'^ j'^ pvap\^ ) : ^puap ^upap '^pvpui ^ppap U. (^iyoj 

We can write the OPE of T^j, with Jp in the form 

Tp,{xi)Jpix2) ~ Ap,p^{xi2)rix2) + Bp,pxaixu)d\rix2) + .... (197) 
Using the methods of [SH] one can show that 

t-ySapiXu) = Cj— ^A^Sapi^u)- (198) 

2^13^23 

The OPE coefficient Apy^rp niust be traceless and symmetric in the first two 
indices and it must satisfy d^Api,^p = 0. Furthermore, laxA^^^xp must be 
symmetric in a and p (this can be shown by multiplying the OPE (11971) with 
Jx and taking expectation value on both sides). This fixes its form to be 



-^pyup\X ) 



{a + db)hUx)g^p + id' - 4)bhl{x)hl(x) (199) 



pu\ /^<^P ' \ I puX"^ I fjp 

+ Kh'Lapi^) - h^api^)) + ehpuapix) 



X'^ 



with so far undetermined constants a, b, e. We have introduced the following 
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notation from [S 


2] 




















hUx) - 


x^ 


1 


















(200) 


hUp{x) - 


XpXcr 
X2 


Qvp + (/i ^ 


u,a ^ p) 


4 
~d 


x^ ^'^^ 


4 


XaX f: 
X2 


-fl'Mi' 


+ 


4 

^2 


QpuQapi 


h^pix) - 


~ dpudup ~r 9pp9ua 


2 

~ 'l9piy9(Tpi 


















'^^vtjpy^) ~ 


XpXfj 
X2 


XyXa- 
n 


XpXp 


Qua 


X2 ^'^'^ 














3yp 1 ^2 





Under conformal transformations the transformation of the current is 
given by the integral over the sphere [7T] 

5J^(0) = - / a^(x)T^^(x)xV-V,(0)rf(] (201) 

where dVt is normahzed such that /rffi =1. If we now consider a dilatation 
a^ = ax^ under which 5J(j(0) = Aa;Jo-(0) we get 

A J,(0) = - /" x^'x''x'^-^Ap^„p{x)JP{id)dVt (202) 

= - / ^ ((rf + 1) (rf - 2)te,x. + (^-l^« + 2fe ^2^^^^ J^(0)rff]. 

(this is equivalent to the Ward identity at coincident points). Evaluating the 
integrals we obtain an additional relation 

a + db = -- — -. (203) 

The leading coefficient of the OPE is not restricted by the special conformal 
and translation transformations because their contribution to the integral in 
(12011) vanishes (the integrand is odd in Xi). Thus, the leading term in the 
OPE of Tpi^ with Jp is fixed up to two independent coefficients. 

As an aside, we note that the two dimensional case is special. In his 
case, the scaling of operators is characterized by two parameters, hj and hj, 
instead of one (the overall conformal dimension A = hj + hj = d). In two 
flat dimensions (I200p becomes 



-^puapyX J 



'^b)hl^{x)g^p + ehp 



XI 



pu\-^Jtlo-p ' ^"'pvcjp 

1 



X 



(204) 



^'^fj,u\X )9<jp ~r ^l^purjpKX 



AA 



X'^ 



since h'^^yapi^) ~ h^^uapi^) vanishes identically. The only independent constant 
e is determined entirely by the holomorphic weight hj. One can see this by 
considering the OPE fl205p in complex coordinates: 

T..J, ~^(-l + ^)J., (205) 

where we have used /i^^ = ^, /i|- = ^, h^^^^ = ^. 

In two dimensions the Ward identity (l2Uip can be rewritten as 

SJz{0) = 7T- f Hz)Tzz{z) - v{z)f,,{z)]Mz), (206) 

where F is some contour around the origin. Using a holomorphic rescaling 

v{z) = z, v{z) = 0, under which 5J^(0) = hjJz{0), we identify 

e = 2{hj + l). (207) 

Going back to 0194p we can determine part of the J J OPE. Recall that 

C 

{T^s{x2)T^u{xi)) = -^^I^s,i,u{xi), (208) 

Xi 

where Ct is a constant determining the overall scale of the correlator; it is an 
analog of the central charge. Evaluating (TJJ) by first using the J J OPE 
and comparing it then to (11940 we deduce that 

Ux)Ju{0) ~ c/-^^ + ... + ^Ipa{x)A^sau{x)T^s{0) + .... (209) 

X i^x 

Note however that A^sav{.x) is traceless in 7, 5. 

From this OPE we can immediately derive the leading divergence in the 
partition function 

y d''xd%A>^{y)A''{x)J,iy)Ux) (210) 



2 



^ J d'^xd'y{A^{x) + . . ■)A''i^)^-f^r^ + 
Cj {d - 2)A 



t/2 



d''xA^{x)A''{x) + . . . {d>2). 



In c? = 2 leading divergence equals -^A'^ J d'^xA^(x)A^(x). This divergence 
can be cancelled by the obvious local counterterm. 
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The OPE fl209p also allows us to compute the beta function for the back- 
ground metric. To this end we expand the deformed action up to second 
order in the deformation 

J d''xd''yA^{y)A%x)J,{y)Mx) (211) 

= . . . + -^ f d^xd^iA^ix) + . . .)A-'{x)I^^{y - x)A^sau{y - x)T^,{x) + .... 



The logarithmic divergence comes from the ^/-integral 

d''yI^^{y)A^SaM (212) 



yd 



^Ksiy)i^-^9,.-2hl^{y)) 



Using 






d^Mi = ^ /"^n ^^^i^fc^^ - ^'^^^^ "^ ^'^^^^ "^ ^''^^^' ('213) 

y"^ d ' J y^ d{d + 2) 



this integral can be evaluated to give 

2 
^d + 2\d- 1 ' " d 



,rf . / X . / X 1 A 2 / A (d-2)(d+l) > 
d''yI^^{y)A^Sau{y) = logA— — - — - + b^ ^ '- - e H^^^,, 



(214) 



where H^Sfiu = g'y^J.gsu+g-yug5fl~29^^'^9'y^ ^^ ^^^ projector on symmetric traceless 
part. Thus the beta function is 

2 Cjf A , (d-2)(d+l) \,, , 1 ,, 



Note that it is traceless because A^^au is traceless in its first two indices 
by construction (this just reflects the fact that the stress energy tensor it 
multiplies is traceless). Thus we indeed obtain the expected beta function. 

5.3 Three-dimensional examples 

We now turn to speciflc examples of three dimensional fleld theories. 
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5.3.1 Example I 

Consider a theory of two free scalar fields 0i and 02 with the stress energy 
tensor 

7;. = 9^</'i9.0i -l{d,A + 6^,d^yi + (1 ^ 2). (216) 

The propagators are (0i(x)0i(O)) = (02(a^)02(O)) = J-^, where 5*3 is the 
volume of the 3-sphere. For notational convenience we set 6*3 = 1. The 
constant Ct = 3/2 in this theory. 

We can construct a dimension three vector operator as 

J, = (0? - 4>l){hd,4>, - (P.dM- (217) 

It is straightforward to check that this vector is a conformal primary operator 
of dimension 3, i.e. it transforms according to 

J-(x') = J^^rix) (218) 

with A = 3 and where J is the Jacobian of the coordinate transformation. 

Now we compute the A^i^^p coefficient in the OPE of T^j^ with J^-, see 
section 15.2.41) . The result is 

T^Ax)MO) ~ (219) 



3 

■+4 



— - Jp[(j) — O ? 



Q ^puXaXp 



X^ 



Jp(0) + -^ U^^Xp + Sp^X^]jp{0) 



+ ^(s,^M0)+6^^M0) + ^6p,JM 



+ 



where we omitted contributions which are not proportional to Jp. This form 
matches (I20UJ) with coefficients b = —3/4 and e = —3/2. 
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As a consistency check we compute 



x) + ^{36,.-7^)4>l{0) 



J IIV 

/y»U ' ' ' rf>0 \ rr> 

+ — </.i(O)(x^,a,0i(O) - x.d^M^) 
+ -A?>5,, - 7^) X.01 (0)9.01 (0) 



(220) 



x^ 



+ 



Xn 



+ 



x" 

2 x2 l^^'"' 



x^ 



dpMo)duMo) + ^[x^d^MQ)duMQ) + (/^ ^ ^; 



x-" 



x^ 



tjX^Xi, 

x"^ 
5m9.0?(O) 



9.0i(O)9p0i(O) 

1 XpXo- 



4 x^ 



35 



/i!/ 



X^ 



d.d,4>l{0) 



+ (1^2) + ... 



First, we can read off Cj = 16. Secondly, we note that the last line includes 
descendants of 0^. Since the 2-point function (T^j^(x)0^(?/)) vanishes, these 
terms do not contribute to the 3-point function {T^y[xi)Ja{x2)Jp{xz)) and 
therefore they do not contribute to A^sap coefficient in the 3-point function 
or OPE. The remaining terms which are quadratic in derivatives and fields 
(fourth and fifth lines) are what we are really interested in since these should 
be equal to I^a{x)A^sau{x)T^/s{0). We find that 



^pa [X) A^Sau (3;) -^ 7(5 (0) 



(221) 



X"' 



Xn 



X^ 



5^01 (0)9,01 (0) + ^x^9.0i (0)9,01 (0) + {fi^K 



1 XpXtj 

2 x2 
(1^2). 



3V- 7^)5.01 (O)9,0i(O) 



descendants of 0^ 



We conclude that up to unimportant descendant fields this theory reproduces 
(12001) with coefficients b = —3/4 and e = —3/2. This immediately gives the 
beta function for the background metric field according to (12150 . 



5.3.2 Example II 

In our second example we consider the theory of one free real scalar and 
one free real fermion ip. The stress-energy tensor is given by 

(222) 



T, 



pv 



pu '^ pu^ 
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with 



Tt = d^ct>dA - I ( d,d, + V^' ) (t>\ (223) 



^i = ^^(7m2. + l.^M- (224) 

Note that any hnear combination of T^^ and T^^ is still a conserved current, 

which leads to some complications as we see below. We can construct a 
conformal primary A = 3 vector 

J^. = 0¥7mV^- (225) 
The basic propagators are 

(</.(x)</)(0)) = -, (^(x)V5(0)) = l:^, (226) 



where the Dirac gamma matrices satisfy as usual {7^, 7^} = 2g^y. Using this 
information it is straightforward to obtain 

Cj = 4, C^ = 3/2, Ct = -3. (227) 

We compute the relevant term in the OPE as 

T^u{x).UO) ~ (228) 

~ 2 r^ ~'~ "''^ ' 

which matches f l2U0p with b = 0, e = —3/2, determining the beta function 
for the background metric field according to (12151) . 
Computing the J J OPE we find 

Mx)MO) (229) 

~ . . . +^I^a{x) (^iAh\six)ga, + 2 V„,(x))T^t(0) - Ah\six)go.,T^siO) 

~ . . . +^I,aix) Ul2h\s{x)gau + 4/i,,,.(x))(T^t(0) + T^^,(0)) 
+6(4/i^,(x)^,. + h,sau{x))i^T:^siO) - ^T^sm) +■■■ 
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where we again omitted descendants. The first term on the right-hand side 
is precisely ^I^a{x)A-.fSauix)T^s{0) while the remainder gives a vanishing 
contribution to the 3-point function {T^y{xi)Ja{x2)Jp{x'i)). As we might 
have anticipated, a generic linear combination of T^^ and T^j^ can appear 
in this OPE. However this can always be rewritten in terms of the true 
stress-energy tensor (i.e. the one obtained by varying the action with respect 
to the metric) plus another linear combination which is orthogonal to the 
stress-energy tensor. The beta function for the metric arises from the factor 
multiplying the true stress-energy tensor. 

5.4 Summary 

Let us conclude this section by summarising the general structure of the 
deformed theory. We observed that the singular terms in the JJ operator 
product expansion are associated with the renormalisation of the background 
metric and the emergence of Lifshitz symmetry. Using conformal perturba- 
tion theory, the universal terms in this OPE give rise to a volume divergence 
and a divergence involving the stress energy tensor. Non-universal terms in 
the OPE can generate beta functions for other background fields (apart from 
the metric) which in general break the Lifshitz symmetry. Such additional 
terms in the OPE also imply that one cannot truncate to just the stress en- 
ergy tensor and the vector operator, which will be reflected by the absence 
of a corresponding consistent truncation in the bulk. 

In the two dimensional example, there were no non-universal divergences 
occurring in the OPE and therefore this case exactly realised the bulk sce- 
nario. In a typical higher dimensional model one may well obtain additional 
divergences and therefore running of associated background fields. In the 
first of our three dimensional examples there would be divergences arising 
from relevant operators such as 0^. We observed using our other 3d exam- 
ple that generically additional operators of dimension d can also arise in the 
OPE, both descendants of lower dimension operators and primary operators 
which are orthogonal to the stress-energy tensor, and in this example there 
was a beta function for a second dimension d operator. 
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6 Conclusions 

In this paper we have developed holography for Lifshitz spacetimes with 
dynamical exponent 2; = 1 + e^, working perturbatively in e. We showed that 
the bulk theory is dual to a (i-dimensional CFT deformed by a vector operator 
of dimension d. Such a continuous deformation changes the relativistic fixed 
point into a non-relativistic one. 

Conformal perturbation theory was used to study such deformations of a 
generic conformal field theory from the field theory perspective. We argued 
and demonstrated in specific examples that the Lifshitz invariance indeed ap- 
pears generically in a deformed CFT. Without reference to any holographic 
dual, we could see directly from the vector operator OPEs that a renormal- 
ization of the background metric is induced by the vector deformation; this 
renormalization is responsible for the emergence of Lifshitz symmetry. 

In standard QFT discussions, after deforming the CFT infinities give 
rise to beta functions and these drive the theory towards a new fixed point 
in the IR where the beta functions vanish. In our discussion, the effect of 
the beta function is to change the condition of scale invariance from that 
of relativistic invariance (i.e. tracelessness of the stress energy tensor) to 
Lifshitz invariance (i.e. vanishing of the z weighted trace). In other words, 
as soon as the operator is switched on the theory finds itself in the non- 
relativistic fixed point rather than flowing to it in the IR. 

Various extensions of this work would be possible. Firstly, deformations 
by other dimension d tensor operators are likely to lead to similar results since 
their OPEs should have a similar structure to that of the JJ OPE discussed 
here. In particular, one expects a logarithmic divergence proportional to the 
stress energy tensor, which should then induce a beta function for the metric. 
It would be interesting to systematically investigate all such possibilities. 

The finite temperature behaviour of the system studied here will be ex- 
plored in our subsequent paper [BSI- As mentioned at the beginning, one 
could also explore Lifshitz solutions with running scalar couplings (hyper- 
scaling violation). In such a case the dual field theory may admit a similar 
interpretation as a specific deformation of a relativistic theory which either 
already has or acquires a running coupling (corresponding to the hyperscaling 
violation). 

Top down embeddings of Lifshitz solutions with z > 1 were found in [H] , 
with flows between such solutions being discussed in |32]. Solutions with z 
close to one are interpretable in terms of a vector deformation of the dual CFT 
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However, these solutions are obtained from hyperboloidal reductions 
of (massive) gauged supergravities, which in turn can be uphfted to ten or 
eleven dimensions. In these cases the CFTs dual to the AdS solutions are not 
well understood; the reduction on the hyperboloid restricts the dynamical 
exponent z to be discrete and there are clearly many additional fields in 
the bulk description relative to the Einstein-Proca model explored here. As 
discussed in the previous section, these fields (and their corresponding dual 
operators) are expected to be associated with deformations of the Lifshitz 
points. Despite these complications it is clearly interesting to explore the 
dual theories in these models using the techniques of this paper and these 
solutions will be further discussed in [55] . 

Given that the bulk theory is relativistic, it is perhaps not surprising that 
the non-relativistic dual theory could be related to a relativistic field theory, 
but it is nonetheless highly non-trivial that they are continuously connected. 
It has been argued in various works, see the recent discussions in [721 [73], that 
holography for Lifshitz theories would more naturally be described using non- 
relativistic Hofava-Lifshitz type gravities. It would be interesting to explore 
the relationship between the non-relativistic and relativistic descriptions for 
z close to one. In particular, one might wonder whether they are dual to 
different universality classes of Lifshitz invariant theories. 
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A Useful formulae 

Under a general transformation gij — )• gij + 5gij the Christoffel symbols and 
Ricci tensors transform as: 

<^r}fc = \9'\'^j^9ki + Vfc%, - Vi5g,k). (230) 



<5i?i, = - (^V^V.^fe + V"-V,5(7a. - V'5^i, - ViV,tr(5^i,) j , (231) 

5R = 5g''JRij + g'^SRij. (232) 

In particular, under a Weyl rescaling 5gij = 2a gij we get: 

^r}fc = SlVja + S]Vka - g.k^'a, (233) 

6Rij = -gijV^a + (2 - d)ViVja, (234) 

(5i?= -2a/? + 2(l-rf)VV. (235) 

B Expansion of Einstein equations in d=2 

To obtain the coefficients in the expansion fHTl) we need to work out fl2S]) at 
order e^. Note that although e appears in M^ it always multiplies a vector 
field and hence it can contribute only at higher order in the e perturbation 
theory. Therefore to this order we can set M^ = 1. The rhs of (I25p can be 
expanded near the boundary as follows 



where 



e t[2mij + e"'(t[2](2)ij + rT[2]i2)ij) + 0{e-''), (236) 



t[2mij = A(o)iA(o)j - -v4(o)fc^(o)5[o](o)ii, (237) 



42](2)U 



2 (^(o)ia(2b- + A(o). V,(Vfc4o)) + (^ ^ j)) (238) 



+ 9-^(0)J -^(O)jfc - T-^(0)fc«-^(0)5'[0](0)Jj 



(0) 



+ ( A(o) A(2)k - ^(0) 0(2)/c - ^(0) "Vfc(Vn^"o)) jfi'[0](0)Ji 



OTT 

+ ~((^ )[o]-4(o)fc^(o);5'[o]{o)ii - Ao)k^{o){Tij)[o]), 

'7"[2](2)jj = ^(0) «(2)fcfl'[0](0)Ji- (239) 
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Note also the identity 

tr(t[2]{2)ii + rr[2]i2)ij) =2A(o)iA*(2) + (2r - 1)^(0)^0(2) - A*(o)V,(VjAjo)) 

+ ^^(o)(^^.)[o]^(o) - ^^^(0)^(0). (240) 

The leading term in r on the right-hand side of (l25l) indicates that a 
logarithmic correction h[2]{o)ijr must be included at leading radial order in 
g[2]- It is given by (USD- 

In d = 2 the following identities hold 

tr(/i[2](o)) = (241) 

tr(c/[o](2)/i[2](o)) = — tr((T)[o]/i[2](o)) = -i?A*(o)A(o)i ^A*(o)(Tij)[o]Ajo). 

Equation (1271) allows us to compute tr(/i[2](2)): 

tr(/i[2](2)) = ^(V.Ajo))2 - ^F(o)^^F(o).,. (242) 

Note also the following useful relation: 

tr(/i[2](2) - /i[2](o)^[o]{2)) = A(o)^4) + -V, (^Ajo)(V.Ajo)) - ^(0)^i^({;)) • (243) 
Collecting terms of order e^ and e^*" in ( l25l) we get (for general d) 



Ric 



mij 



d- A 

(2 - d)g^2](2) + (2 - d)rh^2]{2) + ^^/i[2](2) (244) 



+ ^[0](2)^[0K0)^[2](0) + /^[2](0)^[0K0)^[0](2) 

+ 2t'^((2'^ ~ l)/i[2](0)^[0](2) + (1 - 2r)/l[2](2) - 2^[2](2) )^[0](0) 

+ (l + 2r)/i[2](o) 



4 



^[2](2)ii+r-r[2](2)ii, 



where the trace is taken with 5'rouo)- Taking the trace of the last equation 
and using 02311) and properties of Ricci tensor in 2 dimensions 



Ric 



Wi 



\ V Vjh[2]{o)ik + V Vj/i[2](o)jfc — V h]^2]{o)ij ] (245) 

7" Zi 
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we see that terms proportional to r cancel separately and we obtain 

Now we can solve for h[2]{2)ij from (12441) . The result is given in fH51) . The 
divergence of g[2]{2)ij is determined from the e"^'' terms in fl2B]) . leading to 

V-'(/l[2]{2)y - 2fi'[2](2)ii) - Vitr(/l[2](2) - 25'[2](2) " 5'[0](2)/i[2](0)) (246) 



-9[o](2)^kh[2]{o)ij + — v4(o)Afo)Vi(Tfci)[o] - -A(o)iAjo)Vji? 

= - fi'[0](2)^{0)fc^(0)ij + A|o)(9iA(2)j - 9jA(2)i) - A(2)i(Vjy4jo)^ 
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C Expansion of Einstein equations in d=3 

Collecting e^ terms (up to e~^) in (l25l) gives (we keep explicit d in our for- 
mulas, since some of our results apply to arbitrary dimension) 



.2r 



d 1 /!, \ 

- 2^[2](0) - 2tn/l[2](o)j^[0](0) 



Ric[2]ij 



(247) 



+ r 



+ e 



Or 



{d - 2)h[2]{2) + tr(/i[2]{2) - h[2]{o)9[o]{2))9[om + tr(5'[o](2))^[2](o) 
4-d 



-h[2](2) + id- 2)g[2](2) - /i[2](0)^[0](0)^[0](2) - ^[0](2)^[0](0)^[2](0) 



+ re 



+ 2*r(2fif[2](2) - /i[2]{2) + /i[2](0)fi'[0](2))fi'[0](0) + 2^^(fi'[0](2))^[2](0) 

S{d-3) ^ 3 

^ /^[2]{3) + ^tT{h[2]{3) - /^[2](0)^[0](3)j^[0](0) 



■6-d^ 3(rf-3) 3/ „i _i ^ 

^— /^[2](3) + ^ ^[2](3) - 2(^^[2](0)^[0](0)^[0](3) +^[0](3)^[0](0)/^[2](0) 

^tr(/l[2](o))fi'[0](3) + 2*^(35'[2](3) + ^[2]{0)fl'[0]{3) - ^[2](3))fi'[0]{0) 



.2r 



-^(0)fc^fo)5'[0](0)ii 



^Or 



,fc/ 



ofl'[0]{0)-^(0)ifc-^(0)i/ 



(i — 2 1 

H 7^ (^(0)j^(2)i + ^(0)i^(2)i) - 7;("4(0)iVjA(o)r- + A(o)j VjA(o)r- 



+ 



4(l-d) \~ '^*^^(o)'^'^(2) + ^(o)fcV A(o)r.)5'[o](o)ii + F{o)kiF(^o)9[omij 



- '^^{o)9lo]{2)kiA(o)9[omij + 2A(o)fcv4(o)5f[o](2)jj 



re 'arci^fcA?. 



(3)fc^(0)fi'[0](0)ij 



+ e" 



d-3 



(A(o)iA(3)j + y4(o)jA(3)i 



t/-l 



2 



+ TTTl — —\o)9lO]{3)klA(^o)9[omij 



^(0)fc^(3)5'[0](0)Ji 

^(0)fc^(0)fl'[0]{3)y 



+ - ( a(3)iA(o)j + a(3)jy4(o)i - a(3)fcA(o)5f[o](o)ij 
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The trace of it in d = 3 gives: 



tr(ffic[2]|.) - e^^ 3tr(/i[2](0)) + (-4r + l)e-nr(/i[2](2)) 



■ 4e ^''tr(^[2]{2)) + (3r + -)e ^''tr(^[o](2)/i[2](o) 

Q Q 1 



(r 



-)e 2''tr(^[o](2); 



9 9 1 

^re-^'Mhm) - 2e"''*^(^[2](3)) + ^^^r + 3)e-nr(^[o](3)/i[2](o)) 

- -tr(^[o](2))A(o)iA*(o)j + 3re-"a(3)iA*(o) 



(248) 



3 



4 

/ ■ 3 • 



7^(0) ~ 2^^^^*'^(°V' 



The Rrr equation fl27|) gives: 

3 

■ -re^^"tr(^[o](3)/i[2](o) - /i[2](3)) 



(249) 



-tr(/i[2](o)) + e ^'■tr(/i[2](2) 

1 3 

+ e-'^''tr(2/l[2](3) - -^[0]{3)^[2]{0) - ^9[2]i3)) 
= -A(o)iA(o) 
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The Rri Einstein equation (12^1) reads at order e^ 

V^'/i[2](o)ii - V,tr(/i[2](o)) (250) 

+re"^''(^2/lf2'](o)Vfc5[0]{2)ij + fl'[0K2)^i^[2](0)ifc - 2V^/l[2](2)ii 

+ ^[0](2)ifc(2Vj/lj2^(o) - V^'tr(/l[2](0))) - 2Vitr(^[o](2)/i[2](0) - /^[2](2)) j 
+e"2''(^V^/l[2](2)ii - 2V^^[2](2)ii -^[0](2)'^fc^[2](0)ij - 2 ^[2K0)'^i^[0](2)jfc 

- 2^[2](0)ifc(2Vj^fo]{2) - V''tr(^[o](2))) - Vitr(/l[2](2) - 2^[2](2) - ^[0](2)/i[2]{0)) j 
+re"^''(^3/l{2'5(o)Vfc^[0]{3)y + 2^[0](3)'^i^[2](0)ifc - 3V^/l[2](3)ii 

3 \ 

+ 2^[0l(3)ifc(2Vi/if2K0) - V'=tr(/l[2](o))) - 3Vitr(5[o](3)/i[2](0) - ^[2]{3))j 
+e-^'^(^V^/l[2](3)ii - 3V^^[2](3)ij - glo](3)^ kh[2]{0)ij - ^hl2m^i9[0]i3)jk 

- Vitr(/l[2](3) - 35f[2]{3) - fi'[0](3)^[2](0)) ) 
= 274(o)jv4(o)r- 

+ e"^*"!^ 2(yl(2)iA(o)r + A(o)jA(2)r) - 5'p](2)-^(0)Ji^(0)fc 

+ ^(0)(V.^(2), - V,A(2).) - Aj2)F(0)., + -F(o).,V^Vfc4o)) 

+ re"^''f 2(a(3)iA(o)r + a(3)r^(o)i) + ^(o)(Via(3)j - Vja(3)i) - 2aj3)F(o)ij j 
+ ^(o)(Vi^(3)i - VjA(3)i) - 2Aj3)F(o)ij + aj3)F(o)ijj. 

D Normalization of the current 

To fix the norniahzation of the current in the QFT dual to the Lifshitz 
geometry in three bulk dimensions we need to compute the 2-point function 
{Ji{x)Jj{0)) holographically and compare its normalization to that in the 
CFT. Our discussion follows [71]: note that in [71] only the case of non- 
integer conformal dimension was considered but the result can be extracted 
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from there by analytic continuation. 

The Euchdean action for the bulk vector field is 



S = —1^ f d'+'xVG 



1^2 + 1^2^2 

4 2 



(251) 



Note that the action in Euclidean signature acquires an overall minus sign. 
With such a normalization the two point function in d = 2 for the dual 
operator of dimension two is [71] 

«Wi.(0)>^j^^(%-2^). (252) 

In complex coordinates z = Xi + ix2, z = xi — ix2 the form ( 6ij — 2^^ j 
equals 



I 



JizZ o^Zf 



Izz Izz 

Using Jz = h{Ji — i-h) we get 



{JzJz) = \{{JiJi) - 2? {J1J2) - {J2J2)). (253) 



If the two point function {JiJj) = ^ ( 6ij — 2-^ ) one obtains 



(JzJz) = -§^^, (254) 

which has a sign in agreement with our CFT computation in 0177p . Com- 
paring (I252p to the CFT normalization we can then fix Cj = ^^l„ . 

E Stress-energy tensor correlation functions 
in two-dimensional Lifshitz theory. 

In this appendix we give the 2-point correlation functions of the conserved 
stress-energy tensor in the two dimensional theory. Starting from {Jtt(t, x)Ju{0)), 
{Jxt{t,x)Jtt{0)) (which are given in (I129|l. (I134|l) and {Jxx{t,x)Jxx{0)) (see 
below) and applying the diffeomorphism Ward identity one can derive all 
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other correlation functions. In terms of the quantity fij,,y,pa defined in (11411) 
the relevant identities are 



fL,ttU) = ^zftx,txix) + zxfL,txix), 

fUxxix) = 2(1 + 2;)/xa;,a;a;(x) + ^X/L,xx(x), 

fUxtix) = (3 + 2)/xi,xx(x) + zxfxt,xxix), 
f'xtAx) = 2(1 + 2)/^t,te(x) + zxfxt,txix), 
fUttix) = 2(1 + 2)/xx,tt(x) + zxfxx,ttix)^ 
fLtxix) = (1 + 32;)/xx,tx(x) + zxfLAx)- 



(255) 
(256) 
(257) 
(258) 
(259) 
(260) 



These relations together with the symmetry of / with respect to the exchange 
of the first pair of indices with the second pair provide enough information to 
construct all 2-point correlation functions. We summarize the results here: 



\'Jxx[t,X)Jxx[^)} — /„ N2'^ 

2e2 2x^ - 43x'^ + 58x^ - 5 



-2(l+z) 



r^.4 



X - 6x + 1 
ix' + 1)^ 
2(X'-1)(X'- 14x^ + 1) 



(261) 



ix' 



V. 



{Jxt{t,x)J,M) = -47^^-'-^'+^^ 



ix' + 1^ 
xix' - 1) 



loKfl 



X 



ix' + 1) 



(262) 



— r^; 7T7 h e ^^ TTT l0ff( 1 

6 



ix' 



(Jte(t,x)Jxx(0)) = -47^ a; 



ix' 



X 



-{l+z)-2z 



xix' - 1) 
ix' + ly 



(263) 



e^ X(2x' - 5x' + 1) , ^2 X(x^-5x^ + 2) ^^^^^ ^ ^,,^ 



6 ix' + 1)5 

(Jix(t,x)Ji,(0)) = 



X 



-42 



(2vr)2 



(x^ + 1)5 
X' -6x^ + 1 

(x^ + 1)^ 



(264) 



11 



6 



ix' 



1)5 



2e' 



^ 5x^-10x^ + 1 
(X^ + 1)5 



log(l + x' 
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{j^t{t,x)JtM) 



{271 



'-' —2—2?- 

X 



X' -6x^ + 1 



(265) 



+ 



e' {X^ - Wx' - 94x2 + 7) ^(x' " l)(x' " 14x' + 1) 



(X^ + 1) 



(x^ + 1) 



log(l + x' 



(Jxt(t,x)J,,(0)) 



(2vr) 



rX 



X' -6x^ + 1 
(X^ + 1)^ 



(266) 



£2 11x^-203x^ + 209x2-9 2X^(x^ - lOx^ + 5) , , 2^ 



6 



(X2 + 1)^ 



(Jii(t,x)J,,(0)) 



(2vr) 



rX 



-2(1+2) 



(X2 + 1)^ 

X^ -6x2 + 1 

(X2 + 1)^ 



(267) 



e2(x'-l)(7x'-94x2 + 7) ^(x' - l)(x' - 14x' + 1) , ,, 2, 
+ —— ...... - e2^^^^ : , . ^,, ^ log(l + X ) 



(X2 



(X2 



F Scheme-dependence and Weyl invariance 

Here we collect some formulas which ae used in our discussion of scheme 
dependence and the check of Weyl invariance. We will consider three spe- 
cific integrals: J y/^FijF'^\ / y7(Vjv4*)^, J ^/^RA^. These are finite in two 
dimensions and thus one could have added these as finite counterterms. In 
this section we consider contributions of these terms to one-point functions, 
their Weyl transformations and their possible effect on Ward identities. 
Let us begin with / ^fyFijF^^ . The variation of such an action is 



^ V^F^JF'■ 



AV.F'^A, + {2F,kF,a''' - -FkiF'''-fi,)6Y' 



We hence obtain the following contributions to one-point functions: 



(/') 



-4VfcF, 



ki 
(0)' 



M 



F{o)kiF^o)g[omij- 



{Tij) - 4F(o)ifcF(o)j7fi'[o](o) 
The Weyl variation is 

6w[FijF'^] = -2aFijF'^ + 4F'^A,Vi(T. 
The trace of the stress-energy tensor is: 

{TD = 2F(o)ijF(*^). 



(268) 

(269) 
(270) 

(271) 

(272) 
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Next we consider / ^/7(ViA*) . Its variation is 



5 / v^(V,A 



i\2 



Vi 



2V^(y,A')6Aj 



(\ 



S / y^RA^ = y/l 2RA'SAi + RAiA^d-f'^ 

From here we obtain contributions to one-point functions: 

(/) = 2RA\ 
{T,j) = 2RAAj. 

The Weyl variation is 



5w[RA^ 



-2aRA^ - 2A^n(T. 



The trace of the stress-energy tensor is: 

{Ti) = 2RA^. 



(273) 



-f(^^(VfcA'=)H, + A'^VkViA'^i, - 2A,V,V,A^Yf^ 

From here we get the following contributions to one-point functions: 

(J*) = -2V^-(V.Ajo)), (274) 

{Ti,) = (Vfc4o))'^[o](o)ij + 24o)VfcVzA[o)(?[o](o)ij - 4A(o), ViV^Afo). (275) 
The Weyl variation is 

Sw[{V,A'f] = -2a{V,A'Y + 2{V,A^)A,V,a. (276) 

The trace of the stress-energy tensor is: 

(J'i) = 2{ViA'Y. (277) 

Finally, consider / ^/^RA^. Its variation is 

(278) 



(279) 
(280) 



(281) 



(282) 



Putting these results together it is also straightforward to check the Weyl 
invariance of the d = 2 analogue of the Deser-Nepomechie action: 



-DN ^A(o)(rij)[o]y4|o) + -F(o)ijF(*^) - -(ViA(o)) 



J^(0)^(0)i- 



(283) 
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